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0. In papers [1], [2], [3], {4] connecting functions for some partial diffe-
rential equations are obtained.

Let u, v be solutions of some partial differential equation N(U)=0. Any
function F depending on u and v, which is also a solution of N(U)=0 will
be called a connecting function for the equation N(U)=0.

In this paper we propose a method for obtaining connecting functions
for some second-order partial differential equations. These examples contain
some results from [1], [2], [3], [4].

1. Start with the linear equation
n /e 4 no90

(L.1) S 4 +3 B,.()V+CV=0,

BN R
ij=1  0X;0X; iy X;

where A, B;,, C are functions of x,,..., x,.

Let g: R—> R be a twice differentiable function and let T be an operator
defined on a certain set of functions which will be specified in examples. Fur-
thermore suppose that g=! and T-1 exist.

Let F satisfy the following equation
(1.2) g(TF)=C,g(Tuy+ C,g(Tv)
where C; and C, are constants. From (1.2) it follows
(1.3) F=T-(g7(C, g (T4) + C, g (T")).

Putting V=g (TU), equation (1.1) becomes

" . ®TU . dTUJTU
(1.4) S A,.,.(g (TU) +g” (TU) )
ij=1 0x; 0x; X OX;

+3 Big' (TU)Q:—U +Cg (TU)=0.

i=1 x;
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Let S be a linear operator defined on a set of functions, such that there
exists S~1. Then we have

(15) s(3 (s @) Thigan T2

ii=1 x;  OX;

lxj g

+ > B,-g’(TU)aaﬂ—l-Cg (TU))=
i=1 i

The following statements are valid:

U is a solution of equation (1.5) if and only if U is a solution of equa-
tion (1.4);

If u, v are solutions of equations (1.4) and (1.5) then F, given by (1.3)
is also a solution of (1.4) and (1.5), i.e. F is a connecting function for these
equations.

Equation (1.5), in general, is not a second-order partial differential equa-
tion. If T and S are given, we determine, if possible, g, 4;, B;, C so that
(1.5) becomes a second-order partial differential equation.

2. Examples
1° Let TU=U and SU=U. Then, equation (1.5) becomes

s A:,(g ©)+ i "(U)"—a—)
i,j=1

ox; Ox

J

oU
+ ZBg (U)——+Cg(U) 0
[Adad] i=1 i
and a connecting function is given by
F=g-! (Clg(u)+C2g(v)).

This result is obtained by J. D. Ke€ki¢ in [1] and {2], and is some
special cases, by S. A. Levin in [3].
oU

0Xx,

2° Let TU = f U(Xgs.ons X)dX%,+9(xy,. .., X,_1) and let SU =

o
*n

Then, we have

b (f‘d o) (5
0x, 111 dx ox

*n
X,

y 2 2
o f o 22
0x;0x; 0x; 0x;

X

n

n_1 09 oU
+ 3 (A + Ay ”-(f—d + ) U+g'-—
El( )¢ v 0x; 0x; £ ox;

ou\ "2l
+A,,n(g"U2+g'a—*)+2B,-g’-<f_~d +‘)(P>+Bg U+Cg]=
xn

i=1 0x; 0x;

X

*n
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It follows upon differentation in x,, that the above equation becomes a
second-order partial differential equation if

g()=Cexp(x?) (C, « constants);
0B;

11—0_—‘0 i=1,...,n—1;
ox, ( )

Ay+A4;=0 Gj=1,...,m  i#j).
Then we have

(2.1) ety 220 4,u % 1a (0Ann+3)£+az%gw
" ox, ox, 0x, ox, ox,
n—1
+o Bi2g~+oc~aﬂU+iC—'=0,
=t O%; 0x, 0x,

and ¢ satisfies the equation

n—1
ocAnn(a_U+ocU2)+ocBnU+C+o( z Bi( f_d +0<P) 0.
0x, i=1 ox; 0x;

n
Since the function ¢ does not depend on x,, for x,=x? the above equa-
tion reduces to
1
2.2) oczBi%iP—+(ocA"n(§g—+ocU2)+ocBnU+ c)
i= X

n

=0.

o
xn=xn

The function ¢ is not arbitrary, but has to be a solution of the above
first-order partial differential equation.

Hence, we conclude: If u and v are solutions of equation (2.1), if ¢, and
@, are solutions of equation (2.2) for U=u and U=v, respectively, then

= d_a— <log (C1 exp ( f udx,+ cpl) +C, exp ( fv dx, + @2))) >
x}l
> *

is also a solution of equation (2.1).

This result was proved in [2] by J. D. Kegki¢ by a different method. Also
some special cases of the equation (2.1) and nonlinear superpositions for these
equations are given in papers [3] and [4].

*n

3° Let TU=—§~U; and SU=fden. Then we have
x’l

0
*n

*n

n oUu *U . [oU\ 02U *U
JL2 0 () an (55) )
i =1 0x,/ 0x; 0X; OX, 0x; 0x,, ax ox,

*U oU
+ +Cg |[— |t dx,=0.
Zl (ax ) 0x; 0x,, 8 (636,, )}

n
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0
If A,:,+Aﬂ'=0, Bl':a_(Ain-l_Ani) (l, —~1 ..,n—l),

n

BI,:MJ“,‘D(X'!,. Y x,,), C= aD ’
0x, ox,

then the above equation becomes

U\ PU -l U\ *U U
23) A,g ( ) S (A + Ay ( ) +D (—)=0,
(23) 0x,] 0x3 ,gl( )8 X, ] 0x;0x, d ox,

and we get the result: If » and v are solutions of equation (2.3) then

Ff—l(clg(‘) )+C2g( ))dx+<p(xl,...,x,,_1)
ox, ox,,

[
*n

is also a solution of this equation (¢ is an arbitrary function).
*n

4% Let TU =2(—J—+U and SU = f Udx,. Then, equation (1.5) becomes:

)
*n

n 2 2
12 A0 ) bron 50 o5
1,j=1 ox, 0x,0%, 0x;/ \0x,0x, Ox;

oU *U U
% (oY) Gramon oman)
ox, 0x;0x,0x, 0x;0x;

oU U oU oUu
+ B; +U +—J+C, +Ulldx,=0.
12 8 (()x ) (‘)xi ox, ‘)xi) & (()x )}

n

) .
If Ayt 4y =0, Bi=—=(dyt ) (j=1...,n=1),

n

oD
B,,—gfi—-i-D(xl,..., x,), C=—,
0. ox,

n

then the above equation becomes

n_l oU U oU
2.4 A+ A4, +U 4 —
@9 2:1( i & (0 )(Ox,- ox, ()x,-)

2
+A,,,,g’(‘—)l—]+U)(a v aU)+D (0U+U)=0.
ox, oxz  ox, ox,
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For the above equation the nonlinear superposition is given by
*n
0 0
F=e*n f e*"ng*(Clg(a—u + u) + ng(o—v +v)) dx,+e~ "o (X1, ..., X,_1)s

n xll

*n

where u, v are solutions of equation (2.4) and ¢ is an arbitrary function.
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