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Abstract

We introduce a class of codes which we call Quasi abelian codes. A linear
subspace of the group algebra GF (g) G of a finite abelian group G over a finite
field GF(g) which is GF(q) H-module for some subgroup- H of G is called a
quasi abelian code in GF(q) G with regard to H. It is shown that a quasi abelian
code can be regarded as a direct sum of abelian codes. In particular, a quasi
abelian code in GF(¢) G with respect to a cyclic subgroup of G is a quasi cyclic
code. Direct sum of codes are considered and is shown that under certain con-
ditions product of two codes which are direct sum of quasi cyclic codes is also
a direct sum of quasi cyclic codes.

1. Introduction

Cyclic codes can be viewed as ideals in the group algebra of a cyclic
group over a finite field. Berman (1967), Mac-William (1970) and Camion
(1970) have investigated a morc general class of codes, called Abelian codes,
which are ideals in a group algebra of a finite abelian group over a finite
field. Another extension of cyclic codes is a class of quasi cyclicscodes. A quasi
cyclic code is one in which every codeword shifted by r digits is also a code-
word. Chen, Peterson and Weldon (1969) have shown that these codes have
many interesting properties.

Since a linear code of block length n over GF(g) is cyclic (i.e. every
codeword shifted by one digit is also a codeword) iff itis an ideal in the group
algebra GF (q) C,. Therefore, a quasi cyclic code of length n over GF(g), which
is not cyclic, is not an ideal in GF(g) C, but it may be a module over GF (q) H
for some subgroup H of C, (C, being a multiplicative cyclic group of order n).

We introduce a more general class of codes which we call Quasi abelian
codes. A linear subspace of the group algebra GL () G of a finite abelian group
G over the finite field GF(g) which is module over GF (g) H for some subgroup
H of G, is called a quasi abelian code in GF(q)G. It is shown that a quasi

* This paper was presented at the Conference of General Algebra held at the University
. of Delhi in March, 1976.
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abelian code can be regarded as a direct sum of abelian codes, in particular, a
quasi abelian code in GF(g) G with respect to a cyclic subgroup H of G.is a
quasi cyclic code. Direct sum of codes are considered and it is shown that
under certain conditions product of two linear codes which are direct sum of
linear quasi cyclic codes is also a direct sum of quasi cyclic codes.

2. Quasi abelian codes

Let G be a finite abelian group of order n.
Let F=GF(q) be a finite field with (n, g)=1, so that the group algebra
FG is semi-simple.

Definition 1: — A linear subspace A4, of the group algebra FG such
that 4 is FH-module (the defining map FHX A — A, being the multiplication
in FG), for some subgroup H of G, is called a quasi abelian code.

Example: — Let F=GF (2) and let Cy=<a> be a multiplicative
cyclic group of order 9 with a as its generator.

Let A={0, a®+a*+dS, 1+a°+d’, a+a*+ad,
l+a+a+a’+a’+ad, 1+a®+a*+a°+as+d,
a+@+d+a+aS+ad, 1 +atd+a+at+ a5+ d5+a +ab)
It is easy to check that the subspace 4 of FC, is not an ideal in FC,
but is FH-module, where H={1, a3, a% is a subgroup o:. C,. ‘
Thus, 4 is a quasi abelian code in FC, with respect to a subgroup H

but it is not an abelian code. In fact, 4 is a (9,3) quasi cyclic code with a

generator matrix
001 010 100

100 001 010
010 100 001
Definition 2: — A linear code € of block length n over F whose
coordinates are numbered with the elements of the group G, is called a G—H
code over F if the mapping
hix—>h-x (x=G6)

for every h in a subgroup H of G, acting as a permutation on the coordinates
of the code transforms any codeword into another codeword in €. In case
H=G, then the G—H code is simply G-code (Delsarte 1970).

Theorem 1: — There is one-one correspodence between G—H codes over
F and the quasi abelian codes in FG with respect to the subgroup H of G.

Proof; — Let € be a linear code, of block length n over F, whose
coordinates are numbered with the elements of G (order of G being n)
The mapping ‘
[ra=(a(g), .. ... a(g)EF"— a=2 ga(e) EFG

gEG={g,...,2n}

is an isomorphism between vector spaces F” and FG. Let f(C)=A.
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If € is a G—H code over F then
acC=>h@=(@hg), ..... a(h1gnel, for every he H
That is, a=2, ga(g)CA=h(a) = 2. ga(h~'g)=hac A, for every A in H.
g2cG g8€G,

Therefore, 4 is a FH-module and hence, 4 is quasi abelian code in FG
with respect to the subgroup H of G.

Corollary: — There is one-one correspondence between G-codes over F
and abelian codes i.e., ideals in the group algebra FG.
3. Direct sums

Let M,, ..... M, be submodules of an R-module (R, an arbitrary ring
with unity).

We write, M=M,D- - - ®M,
and call M the internal direct sum of M,, ..... M
) M=M+---+M,

and
() m+ - - - +m,=0, mEM, implies that each m,=0.

If M is the internal direct sum of M, ..... M,, M is isomorphic to the
set of p-tuples (m,, ..... m,), m,& M, with componentwise addition and module
multiplication r (my, ... .. mp) = ("mu ..... rm,), r—R. Now, let M, ..... M,
be given set’ of R-modules, thelr external sum

M=M+,....,.£M,
is the set of all p-tuples (m,, ...., m,), m,EM ; where addition is performed

componentwise and r(m,, . ..., m,)=(rmg, ...., rm,), r&R.

Let M;/={(0,0,...,m;,...,0) | mEM;} then M/~M, and M, is a
submodule of M. In fact, ‘

MM, +,...tM,=M'OM,D,....OM,

It is easy to check that there is one-one correspondence between the
representations of the group G and FG-modules. An irreducible module is one
that contains no nontrivial submodules and an irreducible representation of the
group G is one such that its representation space contains no proper invariant
subspace. Also, irreducible module over FG corresponds to an irreducible rep-
resentation of G over F and every representation can be expressed as a direct
sum of irreducible representation. Thus, cvery quasi abelian code is a direct
sum of irreducible modules.

Theorem 2: — Every quasi abelian code is a direct sum of abelian codes.

Proof. — Let 4 be a quasi abelian code in FG with respect to a sub-
group H of G.

Let 0(G)=n, o(H)=v and pr=n

Let H={h, ... .. ,h}and g H,..... , 8, H be the cosets of G with
regard to the subgroup H(g,€G, i=1,...p & g,=1).
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Let the coordinate places in FG be arranged in the order

&l oo s &y s g, g,

We regard the code 4 to consist of p blocks each of length equal to r.
Let A4; be the part of 4 which lies in the coordinate places g/, .. ... , 8.

Each 4, as a linear code over F. (i=1,...,p)

Since 4 is a quasi abelian code in FG with respect to the subgroup H of
G, therefore, A can be regarded as a G—H code over F.

Therefore, a=(a(g, h)s ..., a(gh)s o ovon ... ,a(gyhy), . . a(gh)EA
implies that h(a)=(a(h™'g, k), ..., ah™'gh), .. .., athig,h), ..,
a(h™lg,h))c A for every h in H.

Thus, a,€ 4, implies that ha,& A, for every hE H.

Therefore, A, is an ideal in the group algebra FH and hence is an abelian code.

Now, every vector @ in A is a p-tuple (a,,..... , @) such that a,c4,;.

Hence, the qausi abelian code A is the direct sum of abelian codes 4, ’s,
i=1,...,p.

Corollary: — Every quasi abelian code in the group algebra FG with
respect fo a cyclic subgroup of G is quasi cyclic code over F.

Proof: — Bu the above theorem if 4 is a quasi abelian code in FG
with respect to a subgroup H, then A is the direct sum of abelian codes
(ideals) in FH.

Now, if H is a cyclic subgroup then every ideal 4, in FH is a cyclic code.

Also, A;=g; 4, for i=2,..,,p.

Therefore, the code 4 is a direct sum of p copies of a cyclic code 4,
and hence is quasi cyclic code.

Burton & Weldon (1965) have shown that product of two cyclic codes of
relatively prime length is also cyclic code. Thus they have established that
product cyclic codes offer a compromise between good random error correcting
codes and good burst error correcting codes. We will now consider the product
of codes which are themselves direct sum of quasi cyclic codes.

By an r-quasi cyclic code we shall mean a linear code in which every
code word shifted by r-digits is also a code word.

Lemma: — If A is r-quasi cyclic code of length n, and B is r,-quasi cyclic
code of length n, then the product AB is r,r,-quasi cyclic code provided (n,, n,)= 1,
(ny, n,) being the greatest common divisor of n,, n,.

Proof — Since (n, n,)=1, therefore we can choose integers a and b
such that
an, +bn,=1 (mod n, n,)

We arrange the elements of the product code AB, which is of length
n n,, as n, x n, arrays with the rows as vectors in B and columns as vectors in 4.
We define a correspondence f between the clements of n xn, array and
the coordinates of a codeword in a code € of length n n, by relating the
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element of index (i, 7)) in the array with a coordinate of index 7 of a codeword
in € given by

Sy, i) =i=i r,(bn,) +i,r, (an,) (mod n, n,)
Since A4 is r-quasi cyclic and B r,-quasi cyclic therefore the correspondence
(5 1) —— (G +r), i,+r)

in the indeces of n, x n, array corresponding to a codeword in AB gives an
array corresponding to another codeword in AB.

Now
S+, dytr) =, +r)r,(bny) + (i, +r,) ry (an) (mod n n,)
=iy 1, (bny) + i, ry (any) + r, r, (bn,+an;) (mod n, ny)
=i+rnr, (mod n n,).

Thus f relates the elements of n, x n, array corresponding to a codeword
in 4B to the coordinates of a codeword in 7, 7,-quasi cyclic code € of length n, n,.

Hence the product code AB is equivalent to ry ry~quasi cyclic code € of
length n, n,.

Theorem3: — Let 4, (i=1,..,p) be (n,, k,) quasi cyclic codes and
B; (j=1,..,r) be (n/, n) quasi cyclic codes over F with (n;, n/y=1. Then, the
b4 r
product of the direct sums A= > @4, and B= D> @B, is also a direct sum of
i=1 i=1
quasi cyclic codes over F.

Proof: — Let G, be the generator matrix of 4, and G, be the generator
matrix of B,.

Let G and G’ be the generator matrices of 4 and B respectively, then

G- S @G,
i=1

and G'= é(—BGj'
A

Since, (n;, n/)=1, therefore, by the above lemma, the product code 4, B,
is quasi cyclic and its generator matrix is the tensor product G;®G;.

Also, the generator matrix of the product code AB is G G'. .

Since, the tensor product of matrices is distributive over the direct sum,
therefore,

GG =2@(G;®G)).

¥

Thus, the product code AB=Z@A,. B; is the direct sum of quasi cyclic
i
codes.



206 Siri Krishan Wasan

Acknowledgement

The author is very grateful to Dr. B. D. Sharma and Dr. Ravinder Kumar
of the University of Delhi for their help.

REFERENCES

[11B erman, S.D. (1967), Semi simple cyclic and abelian codes, Kibernetika 3,3, 21—30.

[21 Burton, H.O. and Weldon, E. J; Jr. (1965). Cyclic product codes, IEEE Trans.
Information Theory, IT-11, 3, 433—439.

[3] Camion, P. (1970). Abelian codes, Inst. of Statist. Mimeo. Ser. 600, 32 Univ. of
of North Carolina.

{4 Chen, C.L., Peterson, W.W,, and Weldon, E.J. Jr. (1969), Some results on
quasi cyclic codes, Information and Control 15, 407—423. ]

[5] Delsarte,P. (1970), Automorphisms of abelian codes, Phillips Res. Rep. 25, 389—403,

{6] Mac Williams, F.J., (1970), Abelian group codes, Bell System Tech. Journal
49, 6, 987—1011.



	201.tif
	202.tif
	203.tif
	204.tif
	205.tif
	206.tif

