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1. Srivastava (see references {[1], [2], and [3]) has obtained bilinear and
bilateral generating relations for hypergeometric functions of two variables. In
this paper, we have made an attempt to extend these results for hypergeometric
functions of three variables, viz. F® [x, y, z] defined by Srivastava [4, p. 428]
in the form

Fm[(a): 1(B); () @) (9); (¢); (¢); X, z]

(e::(f) (f) (f): (g (&) (&)

any - i (@) st p O sin (BNt p (BN s p ((€), (€)), ((€)), Xyt
1, 1,50 () i ntp (Dt (P Wi p (N p (€D (€, ((87"), m! 1! p!

where (a) denotes the sequence of A4 parameters a,, ..., a,. It will be assu-
med throughout the paper that there are A of the a parameters, B of the b
A

parameters, and so on. Thus ((@)), is to be interpreted as 11 @), with

) j=1
similar interpretations for ((b)),, etc. The Srivastava function F® [x, y, z] pro-
vides a unification of Lauricella’s fourteen hypergeometric functions of three
variables, viz. F,, ..., F,, (see [5], p. 114), and of three additional functions
H,, Hp, H; defined by Srivastava himself [6, p. 97]. A fairly large number
of special cases, known or new, can be obtained by appropriate choices of the
parameters or the variables involved.

We first prove the following formulae:

FG(a’ a, a, bly b2> b3; cla cza Cz; X, y9 Z)

(1.2) =£@x1—01 Dbi=er| xbi=1(1—x)~a F, (a, b,, by; ¢,; —y—, il )
r,) * l—x 1—x
and
FK(al, a,, a,, bl’ b2’ bl; €, €3y €35 X, Y, Z)
I (cy) z
1.3 =——2 yl=aDh-cr | yhol(]—py-@ F (b, a;, a,; ¢}, ¢3; X, ) ,
( ) F(bz)y ¥y [y ( y) 2(1 1 2 1 3 l—y]
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where D% is an operator of fractional derivative defined by

Di (x+ ) = _I,(i}l)~‘ xu—A=1
Fp—2

and F;, Fy are the same as the Lauricella functions Fy and F, [5, p. 114] of
three variables in the subsequent notation of Saran [7].

Proofs of (1.2) and (1.3): We express the functions F; and Fy in
series forms as

Fg(a,a,a, b, b, by; ¢, ¢, ¢,; x, 9, 2)

(1.4) = i (@t e p (B)m (By), (B3)y X™ Y™ 27

m, n, p=0 (€)m (€2)n +p m!n!p!

and
Fgla,, a,, a,, b, b,, b; ¢, ¢,, ¢5; X, ¥, 2)

(1.5) = i (al)m (aZ)’”P (bl)m+p (bZ)n X y" zP

m, n, p=0 (€)m (€), (c5), m!n!p!

Now making use of the results

e, +m »

Dﬁl—cx (xbx+?"—l Y= Eme1
I' (¢, +m)
and
Dba—c2 (ybz-i'n-l) o _IM cytn—1
g T (c,+n)

in (1.4) and (1.5), respectively, we obtain on simplification the results (1.2)
and (1.3).

2. In this section, we obtain the following bilateral generating relations
involving Lauricella functions of three variables in the subsequent notation of
Saran [7].

z )\ 14 £ £ 1r
Z%&FG(a, a,a ¢, —nc’'; K, g, ¢"; y.x, 2
n=0 1!

* FK('—n9 7)/, vls 1)”7 wla 'U”; la l” l”; E_n na 9) "

== 3 ()\)”(a)”(v”)n [ xEt ]
o n! 0, &N, [Q1—1)?
t
' FG(“"’ a+m a+n, ¢, htn, ¢'s W, g +n, g7 +n; y, }if Z)

t
2.1 . FK<J\+n, o, 0, v +n, W, v +n; I+n ', 1" ;%, s P)



Some bilinear and bilateral relations for hypergeometric functions. .. 61

i >\ r (X r 7 17
z(—)'iFG(a,a,a,c, -n, ¢y K, 8", 8" ¥y, x 2)

n=0 n!

cFe(itn o, 0, 0" w0 LU By, )t

{1y - O\)n(a)n(v”)n —XE‘,t "
U= ,Zo n! (D), (8")n [(l—t)Z:,

’ e ’ re rs xt
. FG(cH—n, atn, at+n c, h+n ¢’y W, g +n, g +n; y, —l, z)

2.2) . FK()\-i—n, o0, v e, W, 0+ I4n, U1 é;, N, p)

w© }\ 17} f rr 1
> ( ),HFc(a, a, a, ¢, Atn, ¢ W, g0, 8"y, x, 2)
n=0 H:

s Fe(—n, o', o', 0", w, 0" LIS K, )"

< ()‘)n (a)n (v”)n [ —“X&: t:ln

—(1—1)=*
(=0 Eo nt (), ("), L(1—1)*

’ 17 x
. FG<a+n, a+n,a+n, ¢, htn, c’; B, g" +n, g +n; y, 17’ Z)
—1

(2.3) -FK(7\+T1, o, v, v+, W, W ny I4n, U, 17 tit—l’ /N p)

and

= (X
> ( )'” Fgla,a,a, ¢, x+n,¢"; W,8',8"; ., x,2)
n=0 N:

cFevdn o, v, 0w, o LU, B, o)t

2 N, (@), @), [ xgt ]

=(—0~ ,Zo n! (0, (g, LA1—1)?

1

’ e, ’ ' (TN X
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b
—1
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t

Proof of (2.1): From [3, p. 83 (3.16)], we have

= (),
112»0 n:

Fi(a, —n, ¢"; g'; x, 2) F,(v", —n, v'; L 1"; &, p)t"

52 M,@,07), [ xEt
e (] 2 n n n
( t) nzo n! (l)n (g”)n |i(1“"t)2

!
-Fz(v”Jrn, h+n, vy l4+n, 1 —Eml, p).
1

" 1’ rr xt
Fl<a+n,7\+n,c ; g8 +4n, —, z
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Replacing x by li’ z by TZ-—, p by p/(1—m), multiplying by
—-Y -y

¥l —p 2wt (1—n)~" and operating on both sides by DS=¥ and
Dw=l, we get

> ®n D;""'{yc"‘(l—y)‘“Fl(a, —mey gty 2, E )

neo n! l—y 1—y
Dy T A=) By (7, —n, v LS E, p/(1—m))}]
2 M@, (), [ xEt }"

=(1—1)"*
(1= go n! (O, (&), [t11—1)?

xt z
| pe-w {yc’-—l (1—y)—*"F (a+n, A+n, s g +n; ’ )}] :
{ Y ! D) A=y 11—y

. [D:'—”{n“’"l (=)~ F, (v"+n, A+n, v I4+n 1", —Et—l, p/(l—n))}].
t_

Now employing the formulae (1.2) and (1.3) to the above, we arrive
at (2.1). Similar are the proofs of (2.2) to (2.4). Use will be made of the
known formulae [3, p. 83, (3.19), (3.20) and (3.25)].

3. Extensions of the generating relations (2.1) to (2.4).

Here we have made an attempt to extend the results of the last section
to functions of three variables such as the F®[x, y, z] defined by (1.1). In
obtaining these results, the principle of multidimensional mathematical induction
as well as the Laplace and inverse Laplace transform techniques are used.

If for convenience, we denote the quotient
M, (@), (8)), ('), (t)) (@) (D) () (W),
n! (), ((8))n (€N (), (@) (0))n (k")) (1))

8[)\, a, b, b, ¢, u, v, v, w]’
n,e g g' hdk k"I
then the relations to be estabilished here are

S @ F<3>[<a>: HB); B); @) —n @5 ) () z}

a0 n! (@::(8); (&); (&) hy; (); (B");
-F(3)[(u): 1M ) () —n, (w5 (W) (W); £ v, p} /o

(d): (k) (k'); (K"): (s (@ ")
—(l—t)- i 8[)\, a, b, b, c,u v, v, w][ xtt ]"
o | M e g g hd kKT |](1—1t)?

_F(s)[(a)M: (B +n; (B); @) +nih+n, (©+n; (¢); () xt 5, z]

by

() +n::(g)+m; (&) (") +n: (ty+n; (B); (07); t—1’
'F(”[(u)-%n: (@) +n; () @)+nintn, wrn); W), W)y &t . p]
) +n: k) +m k) (') +n: (+n; (I (7; 1—1" 7

(3.1
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g;gﬂg,x”[an::<bx ®; B): —n, 3 (€); (); x,y,z]
n=o n! (e)::(2); (8'); (g8"): h; (#); ")

F(s)[(u) t(0); (@) @) :h+n, (W) W) W); - ]
@::(; (k); @: O () (7

—(—1)- KZS MNa b, b, e u v, 0, wl[—xtt
n=0 n, e g, guy h9 d, k, k”’l (l_t)z

F(3)[(a)+n: (B)+n; (B); @Y+n:n+n, (©+n; (€); (') x_t’ N z]

(@+n::(g)+n; (g); () +n: B +n; ); (B); t—
.F@){(“)’*‘”! (@ +n; (@) @) Fnihtn, wWEn; W) W) € .
(d)+n::(k)+n; (K); (K")+n: D+n; (); d7y; 1—t P
(3.2)
and

W, Fm[(a) H0); B); G):hen @5 (€ @5 z]

n=o n! ©::(8); (&); (€): hy; ¢#); ),
.FQ[W> HO @) @)k 05 0 W5 ]
@)::(); (k)5 (K): s a9y A

(I—I)k )\a,bb o u v v, w xEt 1"
w0 (nmoe g g hd k K' I [(1—t)

.F(a)[(a)w: HO) s (B); O Hnikdn, @+ny (€): (€); x z]

(e)+n::(g)+n; (g); (g")+n: W +n: (); (B); 1—t
Fm[(u)+n: W)y +n; (@); @) +nih+n, W+n; (W) W) _?,_ . p].
@) +n::(ky+n; k'); K")+n: O+n; @); A7); 1—t
(3.3)

Proof of (3.1): Clearly (3.1) is true for A—1=B=B'=B"'=C=C'—1=
=C"'—1=E=G=G=G"~1=H=H'—1=H"=U=V=V' —1=V"—1=W=
=W —1=W'=D=K=K'=K"=L—1=L—1=L"—1=0, because of (2.1).
For the proof of (3.1) by the method of multidimensional mathematical induction,
let us assume it to be true for some values of the non-negative integers
A, B, B, ..., L". Replacing x by xt,, y by yt,, z by zt, in (3.1), multiplying
both sides by (tl)“AH_1 and taking their Laplace transforms with respect to #,, we
observe that 4 is replaced by 4 + 1. Again in (3.1), replacing x by x/t,, y by y/t,, z
by z/t,, multiplying both sides by (¢,)” 6+ and taking the inverse Laplace
transform, we find that E is replaced by E+ 1. Thus the induction on 4 and E
is complete. Similarly, induction on other parameters can be performed. Thus
the formal proof of (3.1) by induction is completed.

The results (3.2) and (3.3) can be established by the above techniques,
making use of the formulae (2.2) and (2.4) respectively.
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4. Particular cases of (3.1), (3.2) and (3.3).

It is interesting to observe that the bilinear relations (3.1) to (3.3) can
be easily specialised to yield a large number of results involving series of
the type

2 (W

Z “;'—(D,,(x, Y, Z) LP,,(Z, 7 P)t",
n=0 .

where ®,(x, y, z) and ¢, (&, 0, g) are one or the other of the fourteen Lauri-
cella functions F,, ..., F,,, with the only exception of the function F; or F,®
defined in |8, p. 114]. Thus, we can obtain several bilinear and bilateral gene-
rating relations involving these functions of three variables. It is also worthwhile
to note that our results (3.1) to (3.3) cannot be reduced to Srivastava’s functi-
ons Hy, Hy and H,.

Some special cases are mentioned below:

(i) We notice that our formulae (3.1) to (3.3) can be easily reduced to the
known results of Srivastava ([l, pp. 70—71, (3.1), (3.2) and (3.3)]; see
also [3], p. 80).

(ii) With £=%=p=0, (3.1) reduces to

> @LF@[(@: H0): (0); (07): = (95 (€ (€ Z]’"
©::(9); (&); (g"): (s (y; w7y

n=0 n!

(4.1) =(1—1)* F(J)[(a): ((b); (b); (B7):2, (o) (€); (¢7)s Xt y, Z].

@©::(8); () €): (m; () B; 1—1
Replacing ¢ by #/» and letting 2 tend to infinity, in above, we obtain
3 Fm[(a)z O @) ¢ —m @3 (€0 (€5 z}ﬁ

=0 (@::(g): &) (&"): (hy; (B); h"); n!

42 e F(s)[«z): LB B); ): () () ();

(e): :(); (&) (g"): () (h); (H);

Many interesting special cases of this result can be obtained; one of
which is

—xt, ¥, z].

o (3) {n
Fp'(a. —n, ¢, c"; e; x, 5, 2)—
'} n!

o
4.3) :e’SCDS)(a, ¢, c’; ey, z, —Xxt),

where F5 is the Lauricella function of three variables defined by [8, p. 114]

and 3®% is a confluent hypergeometric function of thiee variables defined
by {9, equation (2.9)].

The formulae (4.1) and (4.2) can be reduced on obvious simplification
to formulae (7.1) and (7.2) of Srivastava’s paper {3, p. 94].
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(i) In (3.1), taking A—1=E—1=B=B'=B"=C=C"—1=C"—1=G=

=G =G"'=0, replacing X by —i, t, by —¢, x by 2 ~"2, z by yz, £

(t+ 1)
t

by &

[10, p. 128 (3.4)]. Note that the known results [10, pp. 127128, (3.1), (3.2),
and (3.2)] are contained in the more general bilinear relations (3.1) to (3.3)
of Srivastava [1, pp. 70—71].

(iv) In (3.1) putting y=2z=0, B=B"=G=G"'=C=H=0 and making use of
the result [11, p. 69, ex. 4], we obtain on simplification the interesting formula

iﬁ}iu“zrg{(“)’ s x}

-F‘”[(“): (0); (); @A+, )5 ()5 ()
@::(k); (k); (k'): O: @) @)
2 W, (@), Xt \"

(=)

and p by np, we obtain a known result due to Deshpande

& n, p]t"

=(1—¢)~>
( ) ngo n! ((e))n

W::@); @); @):rtn, wW; W); W), & . p]_
(@)::(k); (k)5 (K"): M; (@) )5 1t

The known formula [3, p. 90, (5.11)] will follow as a special case of
the above result when p=0 and V=K=W=L=W'=L"=0.

(v) In (3.2) substituting n=p=0, V=K=V"=K"=W=L=0, making use of
Vandermonde’s theorem [11, p. 69, ex. 4] and simplifying, we obtain

Z M ), A+n;
rZ'o n! U+1FD[ () E}
-F<3)[(a)::(b); ®); @) —n, (©); (€); (");

(e): (g)9 (g,); (g“): (h); (h’); (h/l)’

@4 . F(3)[

X, ¥, z]t"

2 M), [ &Y
— 1___ A n 13
(=1 ,,go n! ((d)), ( 1 wt)

.5(3)[([1): (0); @); @)ik+n, (0); (€); (¢); xt y z]
(@::(); &) & (hy; (#); ()5 t—-1
In above, substituting U=D=1, u=—a, d=—o—B, A=m—a—_,

replacing £ by E—ii , t by (1—§) é— and employing the formula [3, p. 92, (6.4)]

P Bmmm ()

(== Blsn (1—x>"“"”(x+1)“2Fl<~—a—ﬁ+m+n, —o; 2 >,

(m+mn)! 2 —oa—03; x+1

x—1



66 V. L. Deshpande

n=0,1,2,..., and for every non-negative integer m, we obtain the formula

o
z (7?1 +n ) P'(?i;;n~n, B—m—n) (2)
n=0 n

-F<3)[(“)1 10); B); () —m, ()5 (€); (¢7);
@::@5 @) @) B #); @)

X, Y, z] t"

2 £ —1 mt S anl{—a—00), &+ Do
“s) . F(s)[@: [0); B); B iman—a—, ©; @ @) x6—1) Z]_
' (e)::(g); &); (g): (hy; y; ;e

where o= 1 -'rf;(i——l)z.
The formula (4.5), with z=0 and B=G=C=H=C'=H’'=0, corresponds
to Srivastava’s result [3, p. 92 (6.5)].
5. Srivastava (see [1, p. 70, (3.2)] and {3, p. 80, (3.2)]) has also obtained
the following formula:
i Ql’l F@ I:(a): th, (b)’ (C)’ X, y:lF(Z) [(a’):)\_{_n’ (b), (C), u, ‘U:I o
n—o ! (e):: &); (s (e) &) (h);
Hn 2 00, (@), (@), (@), (), [ —xuz }
n=o n! (&), ((e"), (&), (€N, L (1—2)?

.F(z)[(a)+n:?\+n, (®)+n; (0); xz y]
(e)+n: @) +n; (h); z—1’

=(1—

.1) -F&){(“')*":”"’ Gyt (); _u v},

(€)+n: @) +n; (h); 1—z~

where F® [x, y] denotes Kampé de Fériet’s double hypergeometric function
[8, p.150] in the contracted notation of Burchnall and Chaundy [12, p. 112].

We observe that the right-hand side of (5.1) can be simplified by using
Vandermonde’s theorem {11, p. 69, ex. 4] as

e (@), (@),
2 0l (@), (),

(5.2) CF® [——:: Ay ——s {@:(d); (b)Y, @)+n; (o) i, _L, y:}.
i —; (@:(g); (g (€)+n; (B); z—1 11—z
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Proceeding on the same lines as above, we find that the right-hand side
of the formula (3.2) of this paper can also be written as

(1—1)— i (), (@), (@), (@D ((w)),,< g )
n=o n! (), ((k)), (K')), (D), \1—1
L F® [(u)+n, @)@y +n, W); @) +n; W'); . p]
@) +n, (K):(y+n, (D; (K"Y+n; ()
(@::(B); (B); (") htm () (€); (€7 xt Z]'
(e)::(8); (g); (8"): (hy; (); (W5 t—1

Thus, we can obtain these results in more compact forms.

(53) -FO® [
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