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The total graph T(G) of a graph G is the graph whose set of vertices is
the union of the set of vertices and of the set of edges of G, with two ver-
tices of T (G) being adjacent if and only if the corresponding elements of G
are adjacent or incident. The spectrum of a graph is the spectrum of its adja-
cency matrix.

In this paper we shall derive a relationship between the spectra of a
regular graph and its total graph. Besides, some corollaries of this relationship
are discussed. For the survey of results about total graphs see [1].

The line graph L (G) of a graph G is the graph whose vertices are edges
of G, where two vertices of L (G) are adjacent if and only if the corresponding
edges of G have one vertex in common. Let 4 and B be adjacency matrices
for G and L(G) and let R be the vertex-edge incidence matrix of G. The

well-known relations
RRT = A+, RTR=B+21,

where r is the degree of the regular graph G and I a unit matrix, will be
used many times in the following.

It can easily be seen, that, by a suitable numbering of vertices, the adja-
cency matrix of 7'(G) can be represented in the following form

|

Let P, () be the characteristic polynomial of the adjacency matrix of the
graph H.
If G has n vertices and m edges, we have

v

_|AI+rI—RRT ~R |
re —RT Al+21-R'R)
—|(A+r)I—RRT -R ‘
| —(A+r+1)RT+RTRRT O+ 2)1
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=] (7\+r)I~RRT+i(~(x+r+1)RT+RTRRT) 0
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‘-(k+r+1)RT+RTRRT +2)1
= (A +2)" det (M—A+i-(A+r1) (A—(+1)D)
r+2
=(A+2)"7" det (22— QA—r+3)A+ W2~ —-D1—r1)

= (2 [T O~ QA —r £ 3) W+ (= 2) )
i1

i

=2 TP = QN+r—2) 2427+ (r—3) &, — 1),
i=1

A ((=1,..., n) being eigenvalues of A.

Thus, T'(G) has (for r > 1) m—n cigenvalues equal to —2 and the follo-
wing 2n eingenvalues

1 —_—
7(27\,.+r—2¢V4)\i+r2—1-4), i=1,...,n

In further discussion we shall consider the connected graph only.
Note that — r < N<r i=1,...,n Consider the functions

fi (x)=%(2x+r—2+l/m),f2 (x):%(2x+r—24/m2+_4).

Both are increasing on the segment [—r,r] for r=£ 2. For r> 2 the first
maps this segment on the segment [—2,2r] and the second one on the segment
[—r, r—2]. So, eigenvalues of T(G) lie in the segment [—r, 2r]. (This holds
for r=1, too!). The greatest eigenvalue is naturally equal to 2r. Eigenvalue
r—2 appears always in the spectrum. The least eigenvalue is equal to — r if
and only if G is bipartite. Multiplicity of eigenvalue — 2 in T (G) is equal to
m—n+p_,+p_,, where p, is the multiplicity of the eigenvalue A in G and r> 2.

. - 7
In the case r=2 the function f, (x) has a minimum for x— — — . Since

7 9 . . .
f 2(—;) = —-Zthe least eigenvalue of T(G) is greater than — % Equality

can never hold, since an eigenvalue of a graph cannot be a rational non-inte-
ger number. But, since eigenvalues of a connected regular graph G of degree

2 with n vertices are 2 cos 2n i (i=1,...n), there exist graphs G for which
n

the least eigenvalue of T'(G) is arbitrarily close to the lower bound —~9—.
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The case r=1 is quite simple. G has eigenvalues 1,—1, and T (G) has
eigenvalues 2, — I, — 1.

In [1] the following result is mentioned (for the proof see [2]):

The total graph of K, (K, denotes the complete graph with n vertices)
is isomorphic to line-graph of K, .

We can prove this statement by the use of graph spectra.

The case n=1 is clear. It is well-konwn that the spectrum of K, consists
of the number n—1 and n—1 numbers —1 for n>1. Using the above de-
scribed relation between the spectra of G and 7 (G), we get that the spectrum
T(K,) contains the numbers 2n—2, n—3 and -2 with multiplicities 1, n and

1 . . .
—2~(n2—n—2) respectively. According to [3], [4], a graph with such a spectrum

is isomorphic to L (K,,,) except for n=7, in which case only three exceptional
graphs exist. This case can be treated separately and it can be seen that T (K,)
is not isomorphic to the mentioned exceptional graphs. Hence, T (K,)= L (Ky),
which completes the proof.

Moreover, using graph spectra we can solve the ,graph equation.
(1) T(G)=L(H),

G being a regular graph, i.e. find all pairs of (connected) graphs (G, H) satis-
fying (1).

We can restrict ourselves to connected graphs. A sequence of solutions
of (1) is (K, K,,,), n=1, 2,.... Naturally, from the solution (X,, K;) we get
the solution (X,, K, ,), where K,, . denotes a bicomplete graph with parameters
m, n. We shall show, that the graph equation (1) has, except the mentioned,
no other solutions.

Let G be a regular graph of degree r (r>2), which is not a complete
graph. Consider the case r> 2. In that case G has an eigenvalue A smaller than — 1.
Since f, (—1)= —2, the eigenvalue f, (%) of T(G) is smaller than —2. How-
ever, it is known that the least eigenvalue of L (H) cannot be smaller than —2
(see, for example, [5]). Therefore if > 2, then (1) has no solutions but the
mentioned ones.

In the case r=0, 1 we can simply solve the equation and we see that
there are no new solutions.

The only interesting case is r=2. We have now f, (x)=x — }/x + 2. Since
[, (=2)=f,(—1)=~2, T(G) has no eigenvalue smaller than —2 if and only
if G has no eigenvalue greater than —2 and smaller than —1.

Since the eigenvalues of a connected regular graph of degree 2 with n
. 2

vertices are given by 2 cos T (i=0,1,...,n—1) (see, for example, [6]), we
n

see that the above will be true only for n=3, 4, 6. For n=3, G is a complete
graph, and in the remaning two cases there do not exist solutions, which can
be seen by direct consideration of all possible cases.
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