PUBLICATIONS DE L’'INSTITUT MATHEMATIQUE
Nouvelle série, tome 13 (27), 1972, pp. 127141

SOLUTION OF THE PARABOLIC
PARTIAL DIFFERENTIAL EQUATION®

’u  ou '
7\25;;—;1.2$=f(x, »)

BY MEANS OF ALGEBRAIC OPERATIONAL CALCULUS OF
DISTRIBUTIONS WITH SUPPORT IN R

Serge Vasilach

(Received May 9, 1972)

Summary

In the present' paper we give a solution to the parabolic partial differential
equation

U
0x?

(1) —w2 2 _f(xy)
oy

by using algebraic operational calculus of distributions as described in [1], [2],

(31, 41, [5], [6].
1. Fundamental solution of the parabolic differential equation (1): Let
(P R ) be the space of distributions of support in R% = [0, wo[% (cf. [2]).

Let us consider in (%’R2+ ) the convolution equation

@ Y ®E3()+ud (x)}@i{#_}’;ym D (x, )} =3 ()3 ()
Sy Wmy

where A, u are real or complex parameters.

In [3], formulas (45) and (48), we have given fundamental solution of
(2) as follows:

*) Supported by the National Research Council of Canada.
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as function of x>0, with values in the space
(%’y+) of distributions of support contained
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as functions of y>0, with values in the

algebra [[D'x V1] of formal power series with

coefficients in the space (P'x, ) of distributions

of support contained in X, =[0, o],.
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Under these conditions, the fundamental solution {E} of the parabolic
differential equations

and {F@s@ {(x, y)=

2 » |
w2 PE 2 OB 508 ()
0 x? 0y
is given by
1 ! L.
@ {E)- “ap+ula ro-ule

=—1-.exp( X ) eXP(i‘xVE):’{Ez}
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as function of x>0 with values in the algebra [[9'y, ]7]
1 of formal power series with coefficients in (9'y, ); and:
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Va Va

as function of y>0 with values in the algebra [[CD'X+ W11 of formal powerr
series with coefficients in (2'x, ).
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More precisely, we have

(5) | {E}nwexp()‘ Vq)}*erm( Vq)
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where {Y (x)}* (resp {Y (3 3}y is the convolution of order k of the
Heaviside function ¥ (x) (resp. Y(y)}. The formulas (5) and (6) show that for
y>0 (resp. x>0) we have E,(x, y)=0 (resp. E,{x, y)=0). On the other hand,
formula (5) (resp. (6)) shows that {E)) (resp. {E;}) is a formal power
series in x& X, (resp. y& Y, ) whose coefficients belong to (D'y,) (resp (D2

2. Parabolic differential equations (%’RZ)

Consider the parabolic differential eqution

1) o ”%i{izl}"""zm};ﬂ(x’y)

where A, g are real or complex parameters and T(x, y)c(%’xz ), the deriva-
tives- being taken in the sense of distributions. ‘
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The solution of (7) in [[CD'RZ_’F )¥]] is given by

® :{ {u1}={E1}J"r‘yT(x, ) as a function of x for x>0

xy
{u,} ={E,}* T(x, y) as a function of y for y>0,

where ;ysignifies convolution in (%’R%r .
{E,} (vesp. {E,}) is given by (5) (resp. (6)). Therefore, we have

© 2k+1 2k+1 k
_1_ (i) {__ic_—} :M for x>0.

. { 7\P4k=0 (2k+1)' ()y"
9 ul=
® {u} o 2k 2k T(x, y)
) _—r { } for y>0.
u. Pra o0 x2k k!
Let us now consider the formal power series
w 24l x2eF1 Y% gk T(x,
(10) wi=3 (4] N
A (2k+1)! 0 yk

For any ®(x, y)ED-r), where (P_r) is the locally convex space of
infinitely differentiable functions of support limited to the right in R* (cf. [2],
chap. II, § 2), we may write

<[ X2k J:; T, )
(2k+1)! ok

gk #T(n, »)
= < , < , P (& +- ke
[(2k+1)!] o Etn, >

But (cf. [2], chap. II, § 3, no 2)

" : ,
<2—1(7‘—’L) @ (E+m, )y is an infinitely differentiable function, of &, and

0yk
distribution of y.
Suppose
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for each kEN, E+1<a, a>0, Vy&[0, b], 5>0.

Then
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Hence:

“{ ﬂ%%};%TuJ>
(2k+1)! dy*

,®@w>EmﬁW“

o1
k+D)k+2)--(2k+2)

and
lim | <

ko>o0
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2k+ 1! 0y*

It is easy to prove that for each ®ES (' _r), the series

i £2k+§.\'<{ x2k+1 }; oF T(x y)
2k+1)! oy*

is absolutely and uniformely convergent for (x, y)EK, where K is an arbitrary

compact subset. of Ri.
Therefore the series of the right hand of (10) converges in the topology

of (%’Ri ), for each TE(%'R2+ ) satisfying the condition (11).

, @ (x,y)>|=

=0 A

Under these conditions we have {ul}g(%’Rz ). Likewise, consider the for-
mal power series

2k aZk T(x y)
(12) (=" " z ( ) 2 {k!} for y>0;
We have: '
FT(x,y) ¢ n* T (x, %)
<= hJ @@y»><{k}<ﬁﬁk L (x, 0>,
where
0%k T'(x, ») >
ok D (x, n+u)x
is an infinitely differentiable function of % and distribution of x.
Suppose )
2k
(13) sup | < m, @ (x, 7;+x)§ < N1,
0x%k

for each keN n+x=>5b, b>0, Vx=[0, al a>0
Then, for each ®C(D_r), we have

( Nb)k"' 1

k 2k
<{Zw}’{i—T—(x—’ll, D(x; y)>| < R whence:
k! 0 xk Ck+DY T
k 2k
lim | < y} P T ) , D(x, y)>|=
ko0 k) 0 x2k '

Under these conditions, it is easy to show that the series of the right
hand side of (12) converges in the topology (‘i’)’Rz) In short we can sta’ce
the following ' ,

g¢
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Theorem 1. The parabolic differential equation (T) where A, p. are complex
parameters possesses a solution in (%/Ri ), if T(x,y) satisfies the conditions (11)
and (12). Then {u}={u} for x>0 and {u}={u,} for y>0.

3. Boundary value problem for the parabolic differential equation.
Consider the parabolic differential equation

Pu  ,0u
14 W — 2 — = f(x,
19 5 W5, )
where A, . are complex parameters and f(x, y) an integrable function on each
compact subset of R2.

We shall determine a solution of (14) satlsfymg the following boundary
value conditions:

(15) im u(x, y)=A(x); lim u(x, y)=B(y); lim —au=C(Y)-
y—0+ x>0+ x>0+ 0 X :
x>0 y>0 y>0

To do this, we transfer (g) into (%’Ri ), then we have:

(16) () (-3

On the other hand, keeping in mind the generai formulas of [2],
chap. III, § 1, no 10, we obtain in (%’Rz) the equation

32 02—{14} 20 {u}
0 x?

(17) ={/}+1¥ (x)®{B(y)}+7\23(x)®{C(y)}—

) o -3 (N4 ()},
the formal solution of Wthh is given by :

(u}={E} *{T(x, y)}

(18) - - "
{u}={E:} * {T(x, )}

where

(19) {T(x, M }={f(x, »N+R¥ X)QB) +N3(x)QC(») -8 (»)QA4(x)}
is an element of (2'z2). |
Let us prove that {u} given by (18) satisfies the conditions (15).

We first note that {u} is a function of x defined by {E} and a function
of y defined by {E,}.

Then we must take

0
lim u(x, y)— hm u,(x,y) and lim %—whm £h
x>0+ x>0+ 0 X x—>0+ ox
x>0 x>0 x>0 >0

since {E,(x, y)} vanishes for x>0. On the other hand we must take

lim u(x, y)= hm u, (x, )
+

y—> 0+
y>0 y>0

since {E, (x, y)} vanishes for y>0.
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. Therefore, for x>0, we have

(20) {ut=u}= ff(ﬁ, y)’{El(x—E, y)d£+7\2{B(y)}§o§*i1}+
]

X

+xZ}C(y)}“=v*{EJwZ[fA(E)EI (x‘—a, y)da} .«

0

Whence,
2 * a{Eﬁ} ¥
hm {ul(x »)}=2{B(y) hm T={B(y)}*{3(y)}=3(y),
x>0 x>0
because (5) = {E;(0,y)}=1lim (E,(x, y)}=0 and
x->04
x>0
o{E} 1
lim Y — §(y).
il—iﬂH ox A2 &0
Moreover (20) yields
ouy _ [ 2 O{E, (x—%, 7))
21 g # DB WXTe V)S
(21) - ff(&, ») =2 g
o B e e F HBS j 4@ HEE=E D) g
since E, (0, y)=0.
Hence
m 2 e pontim PE oo bim OB}
)lcl—rgwr ox “P{BG) JP—I};JF 0 x? D} JI—IE(L ox
But ,
BoR*im B )1 @ -0
x>0+ Ox? x>0
and
{C(»} ¥ pim OB ={C(»}
o 0%
Therefore
fim 2 _ jim {”l) —{C(M}
x>0+ 00X x>0+
Likewise

lim u(x, y)= 11m u2 (x, y), since E,(x, y)=0 for y>0.
y->0+
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But u,(x, y) as a function of y>0 is given by

22) (s (x, )} = f (o) * (B, (x y—m) b +
1] .

HZfB(n)E—Z—(z;y—_mdnﬂsz(n){Ez(x,y~n)}dn—

0 0

o — w2 (A()}*{E, (x, 1))
ence

lim {u(x, y)}=lim u,(x, y)}= —p> {4 (x)} * lim {E,(x, »)}={4(0)},
y—>0+ y—>0+ y—>0+
since
lim {E,(x,y)}=— L 3 (x).
y—=>04 p?

Hence
lim {u(x, )} ={4()}

Let us now prove that {u (x, y)} given by (20) satisfies the equation

(23) e Ol _ a;"l} =f @, 1)} {4 ()5 (»)

0 x? x

for x>0, where the derivatives are taken with respect to x in ‘the sense of
functions and with respect to y in the sensz of distributions.

Indeed, (21) implies

*{u)_1 [ e i EG-E0},
) rene [ n PR ag,
0

s S8 e o B

—wfA(&)wdz—uZ{Am@%sm |
; 0x . X
0x

Likewise, it follows from (20) that

since

1
=—3()).
Y (»

oy ) .0y 7 0x0y

X

peeonF Bl [ag tBl==D
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whence
& 9
e LU Q)i - aco}@B ()
0 x2 oy
2
Since 7\2() {El} —pl a{E} =0, for x>0.
0 x? oy

In the same way one can show that {u,} given by (22) satisfies the
equation:

4 wll_ g‘;} {5 1)} RBOIBY ()N (C ()OS (x),

where the derivatives are taken with respect to x in the sense of distributions
and with respect to y>0 in the sense of functions.

Indeed, we have:

() {“2} f {f( a {Ez(x y W)}dn+

o [ 20 )Mdn+7‘fc( )—ﬂ—az{EZ(" AUV

0 x3 0 x?
) 0
62
) {Ez}
and »
A p B re [y BG4y,
o ; B
2 ‘){Ez(x’ 0)} 5 - 02{E2(x,y——v;)} d
+ A B(y)———-—ax + A fB(n) 2%y n+
0
| P O{E }
R{CONIBLE, (x, 0)}— fC(m—{-i("(;;—"’)dn—
0
—p A ) S B
y
But
‘ Ey(x, 0)= ——3(x)
(25) " gy

{zg@gmz;iygy
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Whence

, Py, 0{u,} 0{E2(xy n}
e et Y ff(x n){ %

_uzwi}dn+‘7\z [c(y)){;\z‘)j{w_
9y s 0x

~u PRI 4 2 B () (e (1)} 03 ()
But
7\2‘) E,} 2 0{E,}

o x? o0y
satisfies (24).

=0 for y>0, therefore {u,}

4. Problems of convergénce

The solution {u,} (resp. {u,} of the equation (17), gl\en by (20) (resp
(22)) is a formal solution 1.e. element of [[(D'y, V1] (resp. [[(D'x, V]D).
Let us consider {u,} given by (20). i.e.

'——i 0o _V; 2kt ~ (x;£)2k+l ok{f(z, y)}
== zo( ) { d

£+
k=0 \ A (2k+ 1! oy

M

+
o
g
Q«]Q/

x2k+1 W \2k+L dk {B(y)}
{(2k+1)‘}< > dy*

X
_(-L_ 2k+1{ x2k+1 dk {C(y)} B
’ (2k+ 1)v' dy*

(26)

+
' |> ®|>

0

VL

_}L_ 2k+1 (x g)Zk +1 "
) e A azero).
We have:

[ C AU RN g} {xzm } L AVACRITIN
Skt oy (2k +1)! 0 yk

y2k+1 :ak{f}z E2k+1 "k{f} )
- [(2k+1>!} oy <(2k+1)!’ < 3y »d’(i+"n,y>>n>

b
) gk K)o _
<(2k+1)!,f o ®(w+n,y)d72>
0

g

b
greet 1 (n, ¥)
= dn)dé; 0, b>0
.[(2k+1)!<f 0y @E+7, ) 72> g a> >
0 0
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where, for each yC Y, =[0, o[, =(R),, the function

b
‘ f_WQ)(E+v), y)dr belongs to (C[)—r&)'

0y
0
Therefore,
. sz-}-l akf('ﬂ y) d
}f(2k+1)! 2y D (E+m, ) n)dﬁ;<

0"f(71,

2 IJCD(EM, y)ldvz)dz

< . (2‘3:-:1)! (()f

b
But f‘%%y—)[‘\fb(EJrvj, »)|dn<bde. Sup
Y

Ok f(x, »)
ok

~ where Ag =sup|® £+, )|
(& +7), ¥Y)EK, K compact subset of R%r.
Suppose

oy 1 K/ (x, )
0y

<M+ k) VkeN

for (x, y)&K, K arbitrary compact subset of R..
"~ Then

<{ x2k+1 }zak{f)’
L(2k+1) 0 yk

q}b. (a2 M2)2k+2
(k+1)Q2k+2)---(2k+2)

and the series

o 241 [ y2k+1 ) x gk
% > < ) {(;;H_ 1)'}* {()d{yj:}} converges for the topology of (7)'112+).

On the other hand, for x>0, we have:

< o LB}
<2k)' dy*

and if

k

AQ) «Sup

f ’ for a>0

(2k dy

(28) M”‘ k! VkEN

dkB (y)
1 dy*

for yEK,, K, compact subset of Y, then the series

0 [ a2kt d“{B(y)}
ax{(2k+ l)i}® oy*

converges for the topology of (CD’Rz)
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Likewise, one can prove that the series

| : } {d k( )} CO’ nverges in CZ"RZ f
- ;
k=0 ( ;\ ) {(2/C 1)! . y ) 1 ( )

d*C(y) < MEH
dy*

yEKy.

Consequently, if the functions f(x, ¥), B(»), C(») are infinitely differen-
tiable with respect to y& Y, and satisfy respectively the conditions (27), (28),
(29), then the first three series of the right hand side of {u,} given by (26)

are elements of (9'g2).

2 .
On the other hand, the fourth series of (26) is an element of [[(9'x, ®
®D'y,)V]], that is, of the algebra of convolution of formal series whose terms
are elements of 'y, ® D'y, ),
But for y>0, this element of [[9'x, ® D'y, )¥]] vanishes, Theorefore,
for x>0, y>0 the solution {,} given by (26) is a function of the form

(29)

1 = m 2k+1 x(x_z)zkﬂ akf(g, y)
30 —— 3 (R
(39) ) mkgo(x) J @Dl dy et
+A i‘,—&-Zk{—l ka’ dkB(y)
% k=0 (7\ ) (2k)!  dyF
—;\_ © i2k+1 x2k+1 dkc(y) _
+uk§o(x> @Dl araEY
and

fim 4, (x, )= B ()
¥>0
From (26) we get for the derivative of the distribution {“1}6(%'1?1 ) with res-
pect to x and for y>0: ‘
(){‘ul}mi o (i)%“_‘)_{ x2k+1, ]:{akf(x’ y)}+
0x  AMtr—o \ A ox ((2k+1)! 0yk
w 21 2 2k+1 i
+lz(&) 0 {x ]mdB(y)+

ox2 \(2k+ 1)l

S0 et

But

=()x2

il il WL ANV
;;2—[(2,(+,1)!} (Y () Pke2= (T () 2

whence

2 2k+1
L [_x._] —5(x),
0x2 [(2k+ 1) jr=o .
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and
02 x2k+1
2 {(2 k+ 1)
Therefore, for x>0, y>0, we have:

} =0 for x>0.
k#0

LA ﬂ;ii(f“{urwwwemﬂ+

0x 0x Mo\ A 2k 0yF

;\ i 2kl x2k-1 gkB(y) A w\2kH1 32k gk C(y)
® k.—_l( ) Qk—-1) dy* ® ok 0( 7\) k)Y dF
whence: o

)
im 2% c(y). for (x,y)CRA.
x>0+ 00X

Consider likewise the solution {uz} given by (22), i.e.

a1 {uZ}H—?_ 2 ( ) {Of T fx, )} (0= n)kdn]

0x2k k!

(GISET mo e
) 0

HEIEGT [

R S e=0\
+ 3 (i) A} o R
k=0 \ &

dx2k k!
we have \

[faz"{f(x n} -0, ] wz{i—f}s

ox*k k! 0x%k

O Yy

ox2k

PG
O T

y)k f()Zkf(xax)q)(x 'Y)+X)d)(>=

%y +p)>x>a= <7 a0k

0

b
Pk f(x, %)
fk' (f yeT: dD(x v;+x)dx)dn, a>0, b>0

0 0
where for each x< X, the function

k
ff)z .g(z X) q)(x Y)“"X)dx belongS to (% )7)
, x

0
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Therefore

if%ﬁ( azk;(x’X)Q(x vz+x)dx)dnl
o

b
71 ()2 f(xv X) § . 3
<f m (f YD {@(x,n+x)}a‘x>dn.
0 0
But
Pk
f Ladiss X){ @ (x, 7}+¥)§dx)d“f}<
Jx2k z ‘
o R
_ | 9% (%, )
where : ‘
Ao = supitb(x,n+x) (x,m+ )€K, K compact subset of Rﬁ.
Suppose R
2k
(32) S (%, 9) <N VEEN
dx2k o

for (x,NEK, K arbitrary compact subset of Ri.. Then, we have:
2 i 1 ;
SEUEN 0y <D0
dx7k Kl =+ 1)

Under these conditions, it is easy to show that the first term of the right
hand side of (31) is a convergent series in the topology of (22 ).
+

Likewise one can prove that the series

SR eiEe )

converges in the topology of (2'g2), if A(x} is an infinitely differentiable
function which satisfies the following condition:

2k

} d d’i(X} ¥<NA for each k&N and for- x&K,,

! X |

K, arbltrary compact subset of R,. On the other hand, the second and third

terms of (31) are formal series, i.e. elemens of [[(D'x, )N}], which vanish for

x>0, Thus, for x>0, y>0 uz(x ¥) is a function, and limu, (x,y)=A(x).
y—0

»>0

(33)

In brief, one can state the following.

"Theorem 2. The parabolic dgf'ferentmi equation (14), where 7, . are

complex parameters possesses a solution in R%., which satisfies the boundary
value conditions (15) if the functions f(x,y), A(x), B(y), C(y) are infinitely
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differentiable and satisfy respectively the conditions:

ok f(x,y) < My

o yk
(@) o2k
’*_f_‘('x_’)ﬂ <Nk+1, VkeN’
0 x2*
for (x,¥)EK, with K arbitrary compact subset of Ri;
' a** A(x)
®) Fpen <N% Vken
and xEK,, with K, arbitrary compact subset of X.;
k
™) d_B_(Zlng;".kg, dkc () <MLK, VECN
dyk dy¥

Jor yEK,, K, arbitrary compact subset of Y,.

For x>0 (resp. y>0) the solution given by (20) (resp. (22)) satisfies the
differential equation (23) (resp. 24), where the derivatives are taken with respect
to x>0 (resp. y>0) in the sense of functions and with respect to y (resp. x)
in the sense of distributions.
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