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§ 1. Let f(x) and g(x) be defined by

(1—1) f(x)mia,,cosnx,
]

(1—2) g{x)= iaﬁ sin nx,
i

whenever the series converge.

If {a,} is monotonically decreasing to zero, both (1—1) and (1—2)
converge uniformly outside an arbitrarily small neighbourhood of x=0. Near
x =0, these series do converge, but may be unbounded. The asymptotic beha-
viours of f(x) and g(x), as x—>+0, appear first to have been investigated by
Haslam-Jones [4], and then by Hardy [2;3]. Later several authors generalized
their theorems. The following result is due to Aljandié, Bojani¢ and Tomié [1]:

Suppose that 0<<B<«2, 4,>0* and a, | 0. Then**
A

20 () sin-—-pr

g~ X817, (—1-) as x-»+0,

X

if, and only if, @, ~A4,n®L(n) as n—>w. Here L(x) denotes a function which
is slowly varying in the sense defined by Karamata. Some properties of L(x)
will be indicated in Lemma 1.

The object of this paper is to establish a parallel theorem for f(x):
Theorem. Suppose that 0<p<1 and a, | O ultimately. Then
7

(1—3) )~ xB-1 L (l
2T (B)cos > Br x

) as x-»+0,

if and only if, a,~n*L{n) as n—>oo.

* Here and afterwards A4, (i=1,2, ..., 5) denote positive constants,
£ ()
2 X,

29

> f(x)~f, (x) as x-—»a, means that -1 as x—a.
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§ 2. Preliminary lemmas:

Definition. A function L(x) is said to be “slowly varying in the sense
of Karamata®, if it is positive, continuous and

L(1x)

~»1 as x-»oo for every fixed 7>0 [5]
L(x)

2-1

Lemma 1. Suppose that L(x) is slowly varying in the sense of Karamata.
(i) If v>0, then x*L(x)—>00, XV L(x)—>0 as x— oo,

and also  Max {{PL()}~x"L{x), Max {t>L(t)j=x>L(x) as x—>o0,
X i<l oo

Q=Ctelx
(i) If 4>0 and —1<v<2, then

f x {(x-r)z+x2}~2L(—;}) = {d, () o (D} (A—ry=L (=)
' as r-»1-—0,

ksin\%il"(v)l’a*—v} Jor v=£0,
where A, (V)=

e 1\)[»—-&

77 for v=0.

(iii) If @, | 0 and 0<v<2, and

Zk,r"’“a‘-,‘,:‘:’I‘(Z—-v)(i«:»')"‘"2»‘[}(11 ) as r—1-0,
1 —F
then a,~n—L(n) as n—oo.

Karamata proved (i) in [5], and (ii) and (iii) are given in [l:p. 108§]
and [1:p. 113}

Lemma 2. If 0<r<! and 0<x<m, then
1 1

. " ] N

4] I (1—2rcosx+r2p _{(1—-—1')2+x2}2 <(Z;+2)(I_r) 24 4(1—r)-3, and
(2Sin}5x)2 2 1 1

. x

e (el () BRI ([

2
Proof: Since {(I—r)2+4r sin? 3—;‘*} {(1—r)2+x2}2 is at least as large as

each of 2(1—r)Sx2, (1—»r)4x4,§£(1—-r)2x5, and 162
2 2

x%, we obtain that
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! 1 1 ‘
)(1—2rcosx + r2)2w {{(1—r)4x232 ;z

- {(xl-———ct sin? 3"‘2-) +4(1—r)sin2 ;i} {(xz +4rsin? 32i) r2(1 —~r)2}

{(1 —r)2+4rsin? %}2 {(1—r)2+x2}2

o (A= {(1+0)x2+ 21 —rp}
{(1 —r) + 4 r sin? —;?}2 {(1 —ry+x232,

2
(2 sin i)
2 x2

(I1=2rcosx+rp {(I—rp+x2}2|

Also,

16 x2 (1—r2) sin“g—k(l —ry (4 sin? §~x2) + 4 x2sin2 g {2 (1—r)3 4 x2—4dsgin2 g—}

{ {(1 — P+ 4rsin2 325}2 (= 2

i
|
i

1 1
2(1—r) x84 (L= xt 4 2 (1—r) x4 — 1
(A—nxst— (1) (—rpxte

<

{(I —r)? + 4rsin2 %}2 {(1—r2+x2}2

Hence result.
§ 3. Proof of the theorem:

We prove the necessity first. Suppose that (1—3) holds. By Lemma
1(i), f(x) is integrable L(0, ) and the a, are the Fourier coefficients of f(x).
Since

f%%ktkcoskxf(x)]dx<\:§krkf{f(x)}dx<oo,
1 1
0 0

we may multiply both sides of the identity

r(l—r)2—r(1+r2)2 sinZ%

> krk cos kx — (O<r<1)
1

(1—2rcos x +r2)?

by~2—~ F(x) and integrate termwise over (0, =), Thus we get
™

m " . X

Skrig=2r [U=DT) g A7 f (L) sin? 2T e 1, () =0, ).
_ 2

1 T (1—2rcosx +r2y T T —Z2rcosx +rip




32 Chi-Hsing Yong

™
27 (B)COS? Br

x—>+0, and also f(x) is bounded for the interval (0, ). Hence

, then ' (x)—> 4, (B) as

Putting f(x)=x%1L (%)7 (x)and 4; (B) =

™

502 =y [t —rpeya L (L) ax
Fe X
g
2r r =
+= (=@ | x*1o,(x, ) L{—)f (x) dx
T 5[ <x)
1 1

(1—-2rcosx+r22  {(1—r2+x22 '

=J 1 (N +Jp,, (), where ¢ (x,r)=
Also,

7,0 m—;- (1+r2) f X041 {(1—r)2 4 x32 L (%)f(x) dx
43

+ L (1er) f -1, (x, 1) L (—i—)f(x) dx
0

/ 2
(2 sin ;x“)
2 x2

r= (1—2rcosx+r2p {(1—ry2+x2}2,

=J, ((r)+J, ,({r), where o,(x,

"

Since f x‘HL(J«) dx<< oo for 0<f<1, then, by Lemma 2, we have
x
0

!Jm(r)Kﬂjggn {f (x)} {2«(?—23 +2)+~§—(I—r)—1}fx9“lL(—£)dx
L)

™ X

— o (1) (1—r) L(i-i-—),

and

On the other hand, for any >0, there is a >0 such that |f(x)—4;(B)|<e
whenever |x|<3. Then

3
2r xB-1 1
L e W RO
o
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e L(—f;) ()4, @)} dx +

xB—1
f {(A—rp+xp

3 ™
2r xB-1 1 xB-1 1
<Z(—ry {g ot (;-) dx+ A48 f Tl (—x-.) dx}
Q

=0 {1} 4, (B~ {(1—r)-2L (—;};) , using Lemma 1 (ii).

Again by Lemma 1 (ii), we have

1,,(r)..—A3(ﬁ)AZ(B——i)(l——»r)S“ZL(~—-—), as r—>1—0.

r

1——r>

Similarly, we also have

o <r>_—A3 (8) 4, (B+ 1)(1-r>ﬁ—~2z;(

Since %A3 @) {4, (B—1)—4, B+ 1))

1
= ﬁ 34
ZF(ﬁ)cos——;{Bn {sm 5 7!1"([3-..1)1’(3 8)—sin ~—:Zmrcf({3+l)l“(1~(3)}
”F(Q“‘5%

we obtain that
Zkrka;cmfl nN—7.(r)

~T(2— a)(1~r)ﬁ~2L( )as r>1—0.

1—r
Using Lemma 1 (iii), we have the final result
ap,=nPtL(n) as n—>cw.

It is easier to prove the sufficiency. Suppose that a4, ~n® L(n). Choose a
small positive number 8 and a large number v such that 0<<3<<1<y, and put

pm[-s.—} q:{»—l—}, rz[—n-}. We may write
x x x

f(x)= z @, cos nx + 2 a, €os nx + Z {a,~n—® L(n)} cos nx
pe=prtl n=p4-1

+ z {L(n)—L(g)} n~Pcosnx—L(g) E n-fcosnx
n=p+1 n=1

3 Publications de I'Institut Mathématique



34 Chi-Hsing Yong

—L(gq) 3 mPcosnx+L(q) > nPfcosnx

n=r+1 n=1
=2 Xy B+ By g+ B+ Xy,
and investigate their order of magnitude as x— + 0. Firstly we have
pIMS i i x‘*—lL(i) as x— +0,
2T (B)cos 5y B X
since L(q)~L (i> and 3 n-Pcos nx =~ d x®-1 [6:p. 186].
X ! 2T (B) cos 5 Br

Secondly, it can be shown that all the sums other than X, are o{x‘“L(l)}
x

as x—+0. Put an:n—BL(n);,L Then a,—1 as n—»o, so {a_,,} is bounded.
By Lemma 1 (i) and for B<<6<1, we have

P
14 —
|Z,|< > n® L(n) ay<As Max {n°2L(n)} [ t-odt
1 1<<n=p 0

~ A PP L(p) as p—oo.
—0
. x1-B 1 As .
We also notice that | 2|~ As (xp)—f o~ 31—B, Since 3 can be cho-
L(qg) 1—o l—o
sen arbitrarily small, this proves that
=0 {x”*l L (i>} as x— +0.
x

Also we have

sin(n+ i)x | sin <r+l)x
2 2 2r

| Z, [ = z {an—ap11} o —a, " <—a,
r 2 sin— 2sin — *
2 2
<2z {(x,-)—ﬂ L i___] x*-1 L (q)
L(g) L(r)r®

=o{x"—1L<L)] as x—+0, since 7 can be chosen arbitrarily large. It is
x

obvious that Z,=o {xﬂ—l L (—1—)] , since
x

X

P
L(Q)f"“kL(q)fx—ﬂ dx~ 1LL(_I_) XB—1 518
1
0

=0 [x"“1 L (L>] as x—+0.
x
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For X; %, and X, we may use the arguments given on pp. 111—112 of [1]
by putting 4= 1,
The proof of the sufficiency is completed.

Postscript. The author is grateful to the referee who has pointed out that a paper
by D. D. Adamovi¢ published recently (Publ. de I'Inst. Math., t. 7(21), 1967, pp. 123—138,
Theorem 1) contains our sufficiency part, (Zygmund has also proved a theorem similar to
our sufficiency part, which covers less than the result proved here), Also by a theorem of
Adamovi¢ (Matematicki Vesnik 3 (18), 1966, pp. 161—172, Theorem 1V) the slowly varying
functions concerned in this paper can be easily extended to a more general class, viz., slowly
varying functions in the following sense:

L {x) is positive and measurable in an interval 0<x,<x< o, and %(«(t{)z -1 as x—»>o

X,

for every fixed 1>0.
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