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INVESTIGATION THE EXISTENCE OF A SOLUTION FOR A
MULTI-SINGULAR FRACTIONAL DIFFERENTIAL EQUATION
WITH MULTI-POINTS BOUNDARY CONDITIONS

MANDANA TALAEE!, MEHDI SHABIBI?*, ALIREZA GILANI?,
AND SHAHRAM REZAPOUR*?®

ABSTRACT. We should try to increase our abilities in solving of complicate differ-
ential equations. One type of complicate equations are multi-singular pointwise
defined fractional differential equations. We investigate the existence of solutions for
a multi-singular pointwise defined fractional differential equation with multi-points
boundary conditions. We provide an example to illustrate our main result.

1. INTRODUCTION

One possible way that the mathematics has effective role in the various fields the
various fields of sciences is to become more powerful and flexible in modeling theory
so that different types of phenomena with distinct parameters can be written in
mathematical formulas. In this case, different softwares can be developed to allow
for more cost-free testing and less material consumption. In this way, a method
is working with complicate differential equations. Nowadays, many researchers are
studying advanced fractional modelings and its related existence results and qualitative
behaviors of solutions for distinct fractional differential equations and inclusions (see
for example [1-24,26-29, 31-34,36-38]).

In 2013, the existence of solutions for the singular differential equation

D%u(t) + f (¢, u(t)) = 0,
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with boundary conditions u/(0) = «”(0) = --- = " 1(0) = 0, u(1) = [, u(s)du(s)
studied by Vong, where 0 < ¢t < 1, n > 2, a € (n — 1,n), p is a function of
bounded variation with [y du(s) < 1, f may have singularity at t = 1 and D® is the
Caputo derivative [39]. In 2014, Jleli et al. proved the existence of positive solutions
for the singular fractional problem D%u(t) + f(t,u(t)) = 0 with boundary value
conditions u(0) = v/(0) = 0 and v'(1) = X272 B/ (&), where 0 <t < 1,2 < a < 3,
0<& <& <...<émoa<l f:(0,1] xR — R isa continuous function, f(¢,x) is
singular at t = 0 and D is the Caputo derivative [25].

In 2016, Shabibi et al. reviewed the multi-singular pointwise defined fractional
integro-differential equation

DFx(t) + f(t, x(t), 2’ (t), DPx(t), IPx(t)) = 0,
with boundary conditions 2'(0) = z(§), (1) = [ z(s)ds, where p € [2,3), 2/(0) =
2(£), (1) = [Jx(s)ds and 2D (0) =0 for j =2,...,[u] —1,0<t <1,z € C'0,1],
B8,¢,m € (0,1), p > 1, D" is the Caputo fractional derivative of order p and f :
[0,1] x R® — R is a function such that f(t,-,-, -, ) is singular at some points ¢ € [0, 1]
[36]. In 2018, Baleanu et al. investigated the pointwise defined problem

Dea(t) + 1 (0(0),/(0), Da(0), [ H(@)al&)dg, ola(1) =0,

with boundary conditions z(1) = z(0) = 2”(0) = 2™(0) = 0, where a > 2, A\, u, 8 €
(0,1), ¢ : X — X is a mapping such that

lp(z) = W)l < bollz — yll + 01" = ¥/1],

for some non-negative real numbers 6y and 6, € [0,00) and all z,y € X, D* is the
Caputo fractional derivative of order «

ft,x1(t), ... x5(t)) = fi(t,z1(¢),. .., x5(t)),
for all t € [0, \),
ft, (1), 25(8) = falt, 2a(2), -, 5(t)),
for all t € [\, u| and

f(t7 xl(t)7 s 7I5(t)) = f(t7x1<t>7 s 7$5(t))7
for all t € (u, 1], fi(¢,-,-,+,-) and f5(t,-,-, -, ) are continuous on [0, A) and (u, 1] and
falt, -, -, -, ) is multi-singular [9].
By using idea of the works, we investigate the existence of solutions for the nonlinear
fractional differential pointwise defined equation

(1.1 Dea(t) = £ (1a(t). 20, D), [ H€)a()de)

with boundary conditions z(0) = 0, z)(0) = 0 for 5 > 2 while j # k for one’s
2<k<n—Tland z(1) =", iD%x(vy;), where a > 2, 0 < v < Yo < -+ < Y < 1,
By Bm € (0,1), Ay, ..., A € [0,00), m € N, D is the Caputo fractional derivative
of order a, n =[a] + 1, h € L' and f € L' is singular at some points [0, 1].
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Recall that Dz (t) + f(t) = 0 is a pointwise defined equation on [0, 1] if there exists
a set £ C [0,1] such that the measure of E° is zero and the equation holds on E
[36]. In this paper, we use || - ||; for the norm of L'[0,1], || - || for the sup norm of
Y = C[0,1] and ||z||, = max{||z]],||z’||} for the norm of X = C'[0,1].

The Riemann-Liouville integral of order p with the lower limit a > 0 for a function
f:(a,00) = R is defined by

B 1) = s [ = (s

provided that the right-hand side is pointwise define on (a, 00). We denote I, f(t) by
I?f(t) [30]. The Caputo fractional derivative of order a > 0 is defined by

S AL
Dof(t) = I‘(n—a)/o (t—s)a“*“d ’

where n = [a] + 1 and f : (a,00) — R is a function [30]. Let ¥ be the family of
non-decreasing functions 1 : [0,00) — [0, 00) such that >0, ¥"(t) < oo for all ¢ > 0.
One can check that ¢ (t) <t forallt > 0[35]. Let T: X — X and a : X x X — [0, 00)
be two maps. Then T is called an a-admissible map whenever a(z,y) > 1 implies
a(Tz, Ty) > 1 [35]. Let (X,d) be a metric space, » € ¥ and a: X x X — [0,00) a
map. A self-map T': X — X is called an a-y-contraction whenever

a(z,y)d(Tz, Ty) < P(d(z,y)),
for all z,y € X [35]. We need next results.

Lemma 1.1 ([35]). Let (X, d) be a complete metric space, Y € U, a : X x X — [0, 00)
amap and T : X — X an a-admissible a-1)-contraction. If T is continuous and there
exists xg € X such that o(xg, Txg) > 1, then T has a fized point.

Lemma 1.2 ([30]). Letn—1<a <n andz € C(0,1). Then, we have
n—1
I°Dx(t) = z(t) + ) _ it
i=0
for some real constants cy,...,Cp_1.

2. MAIN RESULTS
Now, we are ready for preparing our main results.

Lemma 2.1. Let a > 2, [a] =n—1, m e N, 0 <y < v < - <y <1,
BisesBm € (0,1), Ai,..., A\ € [0,00) and f € L'0,1], then the solution of the
problem D®x(t) = f(t) with the boundary conditions x(0) = 0, z()(0) = 0 for j > 2
while j # k for one’s 2 < k <n — 1 such that

n )\z k—p; 1

ZF(k%—l—ﬂ)y B

i=1 i :
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and z(1) = ™ \iDPix(vy;) is 2(t) = [y G(t,s)f(s)ds, where G(t,s) is defined by
(t o S)a—l f}k<1 o S)a—l m tk>\z(”)/z o S)a—ﬁl—l
D) | AT(a) 2 Al(a—p5)

=7

G(t,s) =

when 0 < s <t <landy <7y < - <791 <8< 79 <Y < - < Y for
=12 ...,m,
(t o S)afl N tk(l o S)afl
I'(a) Al'(a) 7
when 0 < s<t<landy <Y <- - <Yn < s,
tk 1— a—1 m tkAl P — a—p1—1
Al () Al (a — ;)

=7

G(t,s) =

when 0 <t < s<landy <y < - <71 <85 <9 < Yq < o0 < Yy for
1=12,....,m, and

th(1 — s) !

Gt,s) = ——+~~—

(78) AF(Q{) 9

when 0 <t <s<landy <7y <- - <Yn <sand

n >\z k—p3;
A=Ky ———————~77 — 1.
; I'(k+1-p5)
Proof. By using a similar method in [9], we can show that Lemma 1.1 holds on L'[0, 1].
Let x(t) be a solution for the problem. Since z¥)(0) = 0 for j > 2, by using Lemma
1.1, we have

1t
() = r(a)/o (t — )21 f(s)ds + co + crt + - - + cat™

Since #(0) = 0, so co = 0. Also since z)(0) =0 for j >2and j #ksocy = --+ =

cj=--=cy,=0for j # k. Thus,

(2.1) () = F(la) / (= )27 f(s)ds + exth,
Hence, we get
D¥at) = g [ = 9P s et
g T s et
and so
NDPa(r) = s [ =) s+ e =t
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for all 1 < ¢ < m. Therefore, we obtain

S ) DB () — Ai T gaBinl
D NDh0) = 3 g fy (T s+ e Y g St

On the other hand, by using (2.1) we have

2(1) = F(la) /01<1 )0 f(s)ds + ex.

Since (1) = X1, i D% x(7;), we get

1 ! a—1 o = >‘z Vi o fi1
w/()(l—s) f(S)ds—i-Ck—;)/o (v — ) B f(s)ds

['a— B;
SIk+1-5)"
Hence,
Ui Y ki 1 1 .
k! .1—1:——/1 a d
oMY it 1] = [ a9
m )\Z /’Yi Bi—1
_ a=fi-ly
;F(a—ﬂz) (i — s) ()
Put A= kI3, & k+1 7 )%k P _ 1. Then, by using the assumption A # 0, we have

o APl(od /01<1_S) EiS )ds_ii (aA—i 5;) /OWW—S)“‘BHf(s)ds
and so
t k 1
x(t) = F(la) /0 (t—s)"" f(s)ds + A;(a) /O (1= )2 f(s)ds
th & by i it
_A;F(Oé_ﬁi)/o (i — 8)* P71 f(s)ds
Thus,
1 t . 1k 1 .
x(t):w/o (t —s)" f(s)derAF(a)/o (1= s)* " f(s)ds
k "
- tAF(oz)\—ﬁ)/o (n =) f(s)ds
o\,

T T AT(a=5) /me(%n —5)* "I f(s)ds
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FO<t<y < -+ <79n <1, then

| (£ — 5)* f(s)ds

x(t)zr—
(/t—l—/%+---—|—/1)(1—5)“‘1f(s)ds

(c
Ariﬁﬁl</ 7)ot s
t* A\

FO<y <t<y < - <79n <1, then

xw:l(/%/;) ‘
(/71+/71+ + - +/) —5)* 1 f(5s)

t’fAl apr-1
- ATt =5 | =97 (s)ds
t’fAm

x(t)zr(l&)(/'y# w+---+/j>(t—s)°“1f(s)ds
v ([ [ [ [ ) amrs)

- AF(ta)\—lﬁl) /0Vl (m = 8)* "7 f(s)ds
k
e e g
whenever 0 < 7, < 7o < -+ < Y < t < 1. Hence, z(t) = [ G(t, s)f(s)ds, where
(t—s)*t (1 —s)*t P (y —s)2 P!
[(a) Al'(«) Al'(a — /)
thdg(yp — 5)2 P21 RN (Y — 8)Fm—1

AT (a — Bo) - AT(a—Bn)

G(t,s) =
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when 0 < s<t<lands< 7y <7 <- < Ym,
(t—s)*t (1 —s)*t  thhy(yp —s)2 P2t
T'(a) AT(a)  ATl(a—fB)
tk)‘m(fym - S)O[_ﬁm_l
o AT (o — Bm) ’
when 0 <s<t<land vy <s <7 <--- <7y, in the general case

G(t,s) =

_ (- s) b tF(1—s)2t P N(y — s)o—hi1
G(t,s) = Ia) + AT~ ATe-7)
o th X (Y — 8)@Pm =1
AT (o — B) 7

when 0 < s <t <landy <y < - <791 <5< 79 <41 <0 < Yy, for
1 <75 <m, thus

Git.s) = (t — )2t N th(1 — s)ot B XN (Y — s)“_ﬁm_l7
() AT () Al (o — B)
when 0 <s<t<landy <y <- < Yn-1 <5< v, and
(t—s)* ! k(1 —s)>t
() Al(a) 7
when 0 <s<t<land vy <7 <- <%, <s,
th(1 — )L thX (g — s)@ ALty (yy — s) P2

G(t,s) =

G(t,s) = AT () AT(a — B1) e
. tk/\m(%n — s)a—ﬂm—l
Al (a — By) )

when 0 <t<s<lands<y <7 <- < Ym,

th(1 —5)27L Ry (yy — s) P! tF A (Y — 8)Pm =1
AT(a)  AT(a—f)  A(a—B.)

when 0 <t <s<landy <s<7v <--- <7, and in the general case

(=)t tN(y —s)* ) t* A (Y — )@
AT(a) AT(a - 3;) AT(@—Bn)

when 0 <t < s<landy <7 < <791 <5 <79 <941 < -+ < Y for

1 <5 <m, thus

G(t,s) =

G(t,s) =

th(1 — s)o1 B tE N (Y — 5)Pm—t

G(t,s) =

AT () AT (a0 — Bn) ’
when 0 <t <s<landy <7 <-- <Y1 <8< Y, and finally
tk 1— a—1
G(t,s) = L=

Al(a)
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when 0 <t <s<landy <7 <--<Yn <s. Thus,

I A ¢ S
G(t,s) = o) + AT () _Z AT(a— ;)

Whenogsgtgland’}/1<’}/2<"‘<"ij1§8§7j<’}/j+1<"'<’)/mf01”
=12 ...,m,

when 0 < s<t<land v <7 <--- <Y < 5,

B tk(l _ S)a—l m tk)\z(’}/z _ S)a—ﬁl—l
= AT & AT@-p)

i=j

G(t,s)

WheHOStSSS1and’}/1<’}/2<"'<"}/]’71§S§7j<’}/j+1<"'<’}/mf01”
J=12,...,m, and
th(1 — s)o1

Gts) = — ATy

when 0 <t<s<landy <7 <- <Y <s. L]

One can check that

0G  (t—s) 2 ktFI(1—s)t T RtIN(y —s) !
ot MNa—1) AT () B Z AT (o — B;) ’

=7

when 0 < s <t <Tlandy <7 < - <791 <5< 9 <41 < -+ < Yy for
=12 ...,m,

% B (t_s)oz—Q N ktk—1(1_5>a—1

ot T(a—1) Al'(a)

when 0 < s<t<landy <7 <--- <Y < s,

% B ktk_l(l _ S)oc—l B i ktk—l)\z(,% _ S)a—ﬁl—l
ot ATl'(a) AT (o — f3y) ’

=7

When0§t§5§ 1an(37171 <Y< <Y1 S8 S <Y < < Tm for j =
1,2,...,m, and%—?:%,wheHOStSsg land v <y <+ < < 8.

It is easy to see that G and %G are continuous with respect to t. Consider the
space X = C*(0, 1] with the norm || - ., where ||z|. = max{]|z]||, ||z||} and | - || is the
supremum norm on C[0,1]. Let f be a map on [0,1] x X* such that is singular at
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some points of [0,1]. Define F': X — X as

19

Fz(t) = aG(t s)f (s,x(s), 2'(s), DPx(s), /08 h(f)x(ﬁ)dﬁ) ds

_ P(la)/ot(t ey (s,m(s),x/(s),Dﬁx(s),/osh(&)x({)d{) ds
+ AIt’( ) /1(1 — )1 f (s,x(s),x'(s),Dﬂx(s),/Os
th o\, %—S)O‘_Bi_l

Z [(a—3)

< M= 977 (8,200, Do), [ h)(©)dg ) s,

MEa(E)ds ) ds

SO

S

M) (€)dg ) ds
() (€)dg ) ds

Pa(t) = [ G(t.)f (s.0(9).2/(5). Da(o). |
= sy = (s (0). D).

k=1 .1 .
+ z;(a)/() (1—s)""1f (s,x(s),x/(s),Dﬁx(s),/O h(é)x(ﬁ)df) ds
RN I (i = s) !

A Z I = 5)

< [ gy (5.2(5).2/(5), Da(s), [ (©)a(e)de ) ds.

It is notable that the singular pointwise defined (1.1) has a solution if and only if the
map F' has a fixed point.

Theorem 2.1. Let « > 2, [a] =n—1, m e N, 0 <y <7 < < 3y < 1,
Biyeoy B € (0,1), AL, ..y A € [0,00), h € LY0,1] and mo = [y |h(s)|ds. Assume
that f:[0,1] x X* = R is a singular map on some points [0,1] such that

’f(t,.ﬁﬁl,...,le) _f(taylw"ayll)’ < A(tv ‘.1'1 _ylya"'7’$4_y4|>7
for all xy,...,24,91,...,y1 € X and almost all t € [0,1], where A(t,x1,...,24) be a
real mapping on [0,1] x X* such that is non-decreasing with respect to xy, ..., x4,
At z,...,2)
lim —————= =0(¢
S0 H(z) (®)

for almost all t € [0,1] in which 6 : [0,1] — Rt is a mapping so that 6 € L]0, 1],
with 0(s) = (1 — 8)*720(s), H : [0,00) — [0,00) is a linear mapping such that
lim, o+ H(z) = 0 and lim;_,,, H'(t) < oo for all t € [0,00). Here, H' is the i-th
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composition of H with itself. Let

no
F a2l < S bOK (), ),
k=1
almost everywhere on [0,1] and all 4,...,x4, where ng € N, b; : [0,1] — RT,

6} € LY0,1], K; : X* — R* is a non-decreasing mapping with respect to all their
components with

2—0t z

for some ¢; € RT and 1 < j <nq. If

lr(al_ D" \Allli( i )] max{Z 16,110,014 18] 01} lO, ]\1/[>

where M = max{

)T 2 M then the pointwise defined equation

ma}. ¢
= 1 (202’0, D), [ @) (€)ie).

with boundary conditions x(0) = 0, 29(0) =0 for j > 2, while j # k,2<k<n—1
and (1) = ", \iD%x(7;), has a solution.

Proof. First we show that F' is continuous on X. Let € > 0 be given. Since H(Mz) — 0
as z — 0%, there exists §; > 0 such that z € (0,6,] implies that H(Mz) < e. Since

. ANt Mz, ..., Mz)
lim
P H(M?z)

for almost all ¢ € [0, 1], there exists d2 > 0 such that z € (0, d5] implies that

At,Mz,...,Mz)
H(z)

<0(t)+¢

Hence, A(t,Mz,...,Mz) < (0(t) + ¢)H(Mz) almost everywhere on [0,1]. Let § =
min{dy, ds, €} and z := ||z — y||, < d for z,y € X. Then, we have

A Mz =yl - Mz = yll.) < (0(t) + e) H(M ]|z — yl.) < (6(2) + e)e.
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So, for all t € [0,1] and z,y € X such that ||z — y||. < 0 we have

|Fa(t) — Fy(t)| =

60,0 (5006000 D09, [ n(©2a(01
-1 (s, y(s),9/(s), Dy(s), [ h(é)y(&)dé)] ds

=

f(s ols) /(. D%a(s). [ iehetae)

& v, [ h(f)y(&)d&) ds
\A]F /1(1 —8)"

ofo). [ eroterae
( u(s), [ h(&)y(ﬁ)d£> ds
Ai ) / Kl

X

(0000 D%, [ et
- (50000 D0, [ mtegac) o

1 t a—1 / /
<ty €= (s0200) ~ ) - o)
D =)o) [ HOlelE) ~ Ol
th a1 / /
bt L0 (s = L) - )
D= (o) | M) - welae )
&N

A T A)

=1

= 9 (s 02(0) — )~ )

D= (o) [ M) - el )
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1 t
<—— [ (t=s)"'A - Ty
< g €= (s =l g1

=" = ¢/l
v =yl —yll)d
F(2—B)’m0||x y” S

tk

1
- 1_ aflA _ I
b st 0o (s =l

I+~ /|
U Al —yll)d
ro- mamoHﬂ? yll)ds

P A R ]

IIx — Yl
12" = /], m’ mollz — yl|)ds

Note that |D?(x — y)(s)| < EQ ?{BII and

| m©la(©)lde < /01 h(E)de = mollz]|.

Put M = max{l,ﬁ,mo}. Now for each t € [0,1] and z,y € X, with ||z —yl|. <,
we obtain
1 ¢ a—1
Fa(t) = Fy(o)| < s [ = 9)
[z =yl
AS,JJ_?J*; y*777m x_y*ds
(s = sl = ol B2l —

th 1 o1
* |A|F(a)/0 (1=s)

x — ||«
xA(s,nx e o = ., L=l mon:c—yn)ds

re-5)
ﬁm Ai i L g\ Bi—1
P AU

A5l =l =yl el = o). )

< 1 /t(t )Oé—l
— -5
— () Jo
X A(s, M|z = ylle, Mllx = yll., Mz = yll., Mllz —yl|.)ds

tk 1 . 1
Y
AT o 17
< A(s, Ml = yllos Mllz = yllos Mz = yll.. Mz — y|l.)ds
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i Vi  yaBi
|A|Z ALY

X A(s, M|z —yll., Mz = yll., Ml[z = yll., M|z = yll.)ds

< F(la) [ =52 00) + epeds
+ |A|tlf() /1(1 )9 (0(s) + €)eds
‘i, i e ) = 00 + e
gp(z)[/olu " 0(s)ds + e [ (= 5)0(s)ds)
n mﬁf(a)[ [ 0(e)as 1 e [ (01— ) o(e)asl

1 € 4 tk €
=w[ueum+at}e N )[H o + <] ¢
&N o B,
2 A g [P+ e
Hence
17~ 7l < | (e + ey * 1 o T ) Wl
() [AN(«) = a—ﬂz)
1 1 A
+ (F(a+1) T IAT @+ |A| Z ﬂz+1)> ]6‘

Also, we have

o) = o) = | [ 5709|1600/, %60, [ n@pe(one)
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S CYCRICR O ICVGES |

A a1
+ \A]F(a)/o (1=s)

(39090 D%t [ e

0

X

= (50660000009, [ ni€pwiere ) s

N V!
7 L Q—Bi—l
AT ST b )

=1

1 L
= F(a—l)/o(t_s)

. A(s, e = il I’ = ¥/,

ktt=t a1
i \A|F(a)/o 1-9)

/ /
A . o HJ? _yH _
<A (s lle =l s = /1 = ol

/_

2" =/l
re-p)
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hy Vi
+ - / ST
A T g h 7
/ / Hx,_y,H
A(s,nx—yn,nx =l = o)
]_ t
<7 _ a—2
_F(oz—l)/o(t 2
x — 1y«
<A (sl =yl ll = vl L2 e = 1. )
A
1_ a—1
+|A|F(a)/0( °)
-y
A (sl = e =l Fo 2 e = 1 s
kN Vi
+ D
AT 2 Mo -5

Iz — gl
xA(s,ux—yn*,u e S e — 1. Jas

< s [t
_— —s
~(a—1) Jo
X A(s, M|z = yll., Mz = yl|., M[z = yll., M|z = yll.)ds

ktk_l 1
v 1 - a—1
i \A|F(a)/o (1-9)
X A(s, M|z — ylls, M|z — yll«, M|z — y[l, M|z — y[.)ds

ktk_l K )\z i
¥ JRCEE

A 2 Tla—3)
><A(87M|lx—’y||*,M||l’—yll*,Mllx—yH*,Mlll’—yll*)dS

< F(al_l) /Ot(t —5)*72(0(s) + €)eds
b oo [ =9 00 + s
S g [ e 9 00 + s
S [ [ oras e [0 o0t
+ IAklt;;) [/01(1 — $)20(s)ds + 6/01(1 . S)O‘_IQ(S)ds] :
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- [Hemoﬁ t] AL lHGH[oqu ]
I(a—1) AT (a)
tk R a—pB;
|A| Z [|‘9H[01]+ 6% ]5
Thus,
17— Pl < (e + e o o gy Wil
(a—1)  |A[N(a) le&—@)
m (e /Bz
i (F(loo i !A|r<];+ I ZMH
and so

|Fx — Fyll. = max{||[Fz — Fyl|, [[F'z — F'y| }

<os{ | (5 |A|Z e ) e
+ (F(al—l— 1) * |A|F(L+ 1) 4] Z%) ]6’

1 k L /\
[(F(O‘ - 1) * |A|F(a) * m 1221 F( Bz)) HQH[O 1]

* (F(la) + mmﬁ IV |Ak| il F(WM>> H
K

Oé—ﬁz'i_]-

1 k m A
N [(F(a - 1) - |AIT () + mz T(a 52)>||9||[0 1]

+(1+ k LR AP H
T -~ -+ |€|E.
Ple)  [AN(e+1) Al Z )

1 [la—gi+1

This concludes that ||F'x — Fy||, tends to zero as ||z — y||. tends to zero and so F is
continuous in X. Since for all 1 < 7 < ny,

K;j(Mz,...,Mz)
1- 7 ) 9 — )
zir(r)l"' Mz A

for each € > 0 there exists § = d(€) > 0 such that

K;Mz,...,.Mz) < (¢; + €)Mz,
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forall 0 < z <d and 1 < j <ngp. Since

M[F(al— DN \A|lli( i _ﬁl Hgl\b 0.4

there exists ¢y > 0 such that

1 k k A
M[P(a —1) " 7A@ 1Al & Ta

ﬁz)] <Z 1931101 (4 +€0)> <1

Let 6o = d(€p). On the other hand, for almost all s € [0, 1] we have

_ A(s,Mz,...,Mz)
T = 0(s).

For the given € > 0, there exists ' = §'(€) such that for almost everywhere on [0, 1],
A(s,Mz,...,.Mz) <(0(s)+¢e)H(Mz) for 0 < z <. Since

1 k
fa-1 @ a2 Z >] [Pl <1,

i

there exists €; > 0 such that

1 k m .
M[F(a— 1) AN« Zl BZ)]H@H[OJ}
e M 1 k m
+a—1[I’(a—1)+|A|P 2 51) <1

Let 0; = &'(e1) and &, = min{dy, &}. For each z € (0,8,] and 1 < j < ng, we have
Kij(Mz,...,Mz) < (g; + €)M~z and for each z € (0, d;] we have

(2.3) As,Mz,...,.Mz) < (0(s) +€,)H(M=z),

almost everywhere on [0,1]. Let C' = {z € X : ||z||« < d2}. Define o : X? — [0, 00)
by a(z,y) = 1 whenever z,y € C and a(z,y) = 0 otherwise. If a(z,y) > 1, then
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x,y € X and so ||z« < 2 and ||y||« < 2. Thus, for each ¢ € [0, 1] we have

/O Gt s) f<s, (), 2 (s), DPa(s), /O ’ h(g)x(g)d§> s

< F(l(w/;(t —g)!
f(s,x(s), 2'(s), DPx(s), /S

0

|Fx(t)] =

X

h(f)x(@dg) s

A o B9
<S8 (I L D0 [ nera(er )
th i i o B
+|A|§F<a—m/o LR

ij(w( 6 el [ h€)a(elae )

85 (I 6 el [ h©pa(€lae )
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tk m

|A|Z a—ﬁ@ E:/7 i = 8) ()
85 (IO, iy el | @@l s

1 2o g1 ot
gw;/oa—s) by (s)

(nxu i '”B),mouxH)ds
+Z,M [ =5 ny(s)

(nxu 1], (””’”B),monxn)ds
IAlzr E @)[Z/%“—SW

e
(nxn o 6),mollx||>ds]

FliK (M||z|ls, ..., M|z )/1( 1 — 5)*7%b;(s)ds

th 1 -
AT (@) ZK (Mo, M) [ (1= )25 (s)ds

tk no

xz &) / (1= 5)°2b;(s)ds]

1

< o) Z 1630y K5 (M6, . .., M6,)

Jj=1
tk
AT (@)

k m
+|tA|<ZZ . _@)ZIIbIIm (My, ..., M6,)

Z Hb o,y (Mbo, ..., Mby)

1 tk th o i
[M) * Tal@) 1A & Ta - @)1
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Z Hb H[Ol]K (M6277M62)] .

7j=1
Hence,
[ 1 1 1 & i
Fzxl < _ M oM
1Fl < |5y * 1A @) ) %F(a—@] [Z”b lonKs(M3s,.. 52)]
(1 1 1 i no.o
< + + Y | - b; + o) | MO
(@) " AT |A|Z._er<a—@->] [;"ﬂ”“’v”(% 0>] :
1 k E i noo
< + T e el I b €)My < 0o
-1 " A@ HEM—@»] [;"ﬂ”[&”(% °>] 2 <0
Similarly, one can concluded that
1 k E hy
Fla|| < + e
174 < | ey * ot 18] T )

[an 0,15 (M6, ..., Mdy)

1 K R
Slf(a—w*mwr(a)*wz M

Y [Z WBillon(a + 60>] M, < 6y

=1

=

and so ||[Fz||, = max{||Fz|,| F'z||} < ds. Thus, Fx € C. Similarly, we can show
that F'y € C. Hence, a(Fz, Fy) > 1. It is obvious that C' # ¢. For xy € C, we have
Fxy € C and so a(xg, Fxg) > 1. Put

1 k
F(Oz _ 1) ]A|F |A| Z )] |‘9H[0 1]-

Let z,y € C. Then, a(z,y) = 1. On the other hand by using (2.2), for each z,y € X
and ¢ € [0, 1] we have

Y

Fa(t) ~ Fy(0)] < [ 1G(,9)

(.50t [ eyoterac)
S CYCRICR O ICVGES |2

< I‘(loz) /Ot(t —5)* !

X A(s, M|z = yll., Mz = yll., Mz = yll., Mllz = y|[.)ds

th 1 ol
+ |A|F(a)/o (1=3)
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X A(s, Mz — y||*7 Mz = ylls, M|z = yll., M|z —yl.)ds
Vi
NP e A
X A(s, MH?C =yl Mz = yll, M|z =y, M|z = yl|.)ds
If z,y € C, then ||z||. < d; and ||y||« < §; and so
=yl <llzlls +[lyll« <26, < 01,
Hence, by using (2.3) we have
A(s, Mllz = ylls, ..., Mz = yll.) < (0(s) + e) H(M |z — y[)-

Thus, for each t € [0,1] and z,y € C' we have

Fa(t) = Fy(0)] < s [ (0= 977 00) + ) H M o = . s

th 1 a1
@) (179 66) + ) B =yl )ds
ttx N
FIAI & T - )
< [ i = 9)7 P B(s) + ) HM e =y )ds
1
< g Tl =9l
l (1— 5)*26(s )d8—|-€1/ (1— 5)°20(s )d]
tk

« l/olu —20(s)ds + € /01(1 _ S)QQG(S)dS]

—|——HMx—y*
=

X Z ﬁz) l/l(l — 5)*20(s)ds + €, /1(1 - 3)“‘20(3)%1

101107 t*110]]j0.19 tk\9Ho1 m )
=H(M|z —y||- [( — 4+ ’
Mz =)\ Ta) T ar@ © Al Zr 5

0 k119 k119
L_a <|| ll10,1] N | ||[o,1] I ||[01]Z )]
a—1\ I'(«a) \A!F(Oé) A T 51)
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Hence,

[Fz — Fy|| <

! 1 I VR
(F(a) - |AD(a) ||ZF(—@)>”0”[OJ]
€1 1 1 1 m )\Z
<F<a) NN w;MﬂH(MHx —yl.)
k

1 k i R
(F(a —1) * AT () + ﬁ Z M) 101 10.11

aM 1 k k& ;
L (F(a 1) " AT A 2 M)]H(”x —yll)
= M (([z = yll.)-
Similarly, we conclude that ||F'z — F'y|| < AH(||x — y||«). Hence,
|Fz = Fyll. = max{[|Fz — Fy|, [|F'z — F'y||}
< AH([lz = ylls) = ¥ (llz = yll.),
where 1) : [0,00) — [0, 00) is defined as ¢ (t) = NH(t). Since H is non-decreasing and

A is positive, 1 is non-decreasing. Also,

a—1

<M

> = B0,

where H®(t) = lim; o H'(t). If z # C or y # C, then a(z,y) = 0 and so
a(z, y)d(Fz, Fy) < ¢(d(z,y)). Thus, a(z,y)d(Fz, Fy) < ¢(d(z,y)) for all z,y € C.
Now by using Lemma 1.1, F' has a fixed point which is the solution of the problem. [

Now, we provide an example to illustrate our main result.

FExample 2.1. Consider the pointwise defined problem
(2.4) Dia(t) = f(t z(t), 2 (t), Da(t / € (€ d§>

with boundary conditions z(0) = 0, z()(0) = 0 for j > 2 and j # 3 and

1 1 1 1 1 1
1)=-D3x|— — D2z | =
w1 =7 d$<10)+3 x<5)
where

t
f(t7x17"'7x4) = %(‘Il, oot |$4|>7

p(t) = 0 whenever ¢t € [0,1] N Q and p(t) = 1 whenever t € [0,1] N Q°. Put h(t) =
t, At,z1,...,24) = f(t,21,...,24), H(2) = 2, 0(t) = ﬁ, no = 1, by(t) = ﬁ(t),
Ki(z1,...,24) = |x1| + - -+ + |z4] and ¢s = 4. Then

mo= [ h@ate) = [ edte) = 5
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A(t,xy,...,2z4) is a positive and non-decreasing mapping with respect to x1,..., 24
and
At z,...,2)
lim 2 = (t
20+ H(z) (®),

for almost all ¢ € [0,1], H : [0,00) — [0,00) is a linear mapping, lim, ,o+ H(z) = 0
and lim;_,o H'(t) =t < oo for all ¢ € [0,00), |01 < 2,

|tz )] < Zb Kj(lzal, - s |zal) = bu@) K[zl - . [24]),
almost everywhere on [0, 1], K (|z1], ..., |24]) is a positive and non- decreasing mapping
with respect to @, ..., x4, lim,_ o+ Klzf =4 =¢q and ||b1||[0 1] < 55- Also we have

1 1 1 2
M:max{l’m—m%}:maX{Lr@yz}:ﬁ

and
A= 03
i=1 F(k—i_l_ﬂl) ’
1 1 4—% 1 1 -3
gy |1 () 3 <> 1 > 0.997
| lf(‘l—é) 10 +r(zx—l) 5
Since
1 k E oo
+ + — max ||b|| q,||9|| }
To—1 AN A & T /i)] {Z o e
<- ! + 5 + 3 % + % ma 2 X 4 2
12
ST T 0.9970(7) T 0997 \T(F-§) ' r(I-1) 20 75
[ 8 8 3 (its)] .2
_15\/E 0997><5\F 0.997\ 6 5
1
604 < —.
<0.604 < N

By using Theorem 2.1, we conclude that the problem (2.4) has a solution.
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