KRAGUJEVAC JOURNAL OF MATHEMATICS
VOLUME 45(3) (2021), PAGES 439-448.

APPLICATION OF JACOBI POLYNOMIAL AND
MULTIVARIABLE ALEPH-FUNCTION IN HEAT CONDUCTION
IN NON-HOMOGENEOUS MOVING RECTANGULAR
PARALLELEPIPED

DINESH KUMAR! AND FREDERIC AYANT?23

ABSTRACT. The present paper deals with an application of Jacobi polynomial and
multivariable Aleph-function to solve the differential equation of heat conduction in
non-homogeneous moving rectangular parallelepiped. The temperature distribution
in the parallelepiped, moving in a direction of the length (x-axis) between the limits
x = —1 and x = 1 has been considered. The conductivity and the velocity have been
assumed to be variables. We shall see two particular cases and the cases concerning
Aleph-function of two variables and the I-function of two variables.

1. INTRODUCTION AND PRELIMINARIES

We suppose the parallelepiped has heat conductivity K, density p, diffusivity k
and specific heat . The partial differential equation satisfied by the temperature
v(z,y,z,t) at any time t in a homogeneous parallelepiped bounded by the planes
y=0and y =05, 2=0 and z = ¢, moves with a constant velocity U in the direction
of its length (z-axis) between the limits © = —1 and x = 1, on the lines of Carslaw
and Jaeger [4, page 155, (1)] is

Pv 0% 0% v Ov
1.1 — 4+ —+—|-U———=—=0
(1.1) [8x2 + oy? + 8z2] oxr Ot ’
where k£ = p%. If we consider a non-homogeneous parallelepiped of variable conduc-

tivity &’ (1 — 2?) and the velocity ko [(a — B8) + (a + ) ], where k', ko, and 3 are
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constants, the partial differential equation (1.1) reduces to

2 2 2
(1.2) dv = ko [(1—902)g;;+((ﬁ—a)—(a+ﬁ+2)x)gﬂ +k [gyg+g;2)] =0,
where ko = 5—;, Re(a) > =1, Re(B) > —1.

As physical example we can consider the temperature distribution of the moving
mercury parallelepiped between the planes t = -1, z =1,y =0and y =b, 2 =0
and z = ¢ connected by two reservoirs of the mercury at the two ends. The variable
flow in the mercury at the end x = —1 with a certain speed. The initial temperature
distribution in the parallelepiped of mercury can be taken to be f(x,y,z). The
surfaces y = 0 and y = b, z = 0 and z = ¢ of the parallelepiped are supposed to be
insulated. The ends x = —1 and x = 1 of the mercury parallelepiped should also be
insulated as the conductivity vanishes there.

2. SOLUTION OF THE PROBLEM

By assuming the solution of the partial differential equation (1.2) as v (z,y, z,t) =
X ()Y (y) Z (2) T (t), the solution of the partial differential equation (1.2) reduces
to

1dT ko o B2 X dX kd*?Y kd*Z
—— =— (1= — — 2 -t =—.
T dt X[( o) G T (ot m+6+)$%m] YdpE 72
Now, taking
ko o d?X dX
Dl - (= - Na)—| =— 1
X[( .T)de—i-( a+p—(a+B+2)x) dx] kon(n+a+p+1),
k d?Y 9
vag ~ ™
and %% = —kv?, \, v being constants, n being positive integer, we obtain the
following equations
d*X dX
2 _
(21) (1-=2 )ﬁ—i-(—a—i-ﬁ—(oz+6+2)ac)%+n(n+oz+5+l)X—0,
a’y
2.2 —— 4+ A%y =0,
(22) 0
d*Z 9
and
(2.4) d—T:[—n(njLa—I—ﬁ—l—l)—k()\Q%—UQﬂT
) o :

The (2.1) is the differential equation of Jacobi polynomials and its solution is

X = PP ().
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The solution of (2.2), (2.3) and (2.4) are

Y =A cos \y + B sin \y,
7 =C cosvz + D sinvz

and
T=FEexp|— (kon(n+a+p8+1)+k(\+0v?))t],

where A, B, C, D, E are constants.
Hence, the general solution of (1.2), the temperature distribution at any point
M (x,y, z) of the parallelepiped at time t is given by

v(z,y,z,t) =exp {— (k;gn (n+a+B+1)+k ()\2 + U2)) t} PP (1)

(2.5) X [A cos Ay + B sin A\y] [C cosvz + D sinvz],

if no heats flows from the surfaces y =0 and y =b, 2 =0 and z = ¢, g—;) o = 0,
y=b=

(%) = 0 for all x and ¢. These demand B =0, D =0, A = mroy = l?, where

m,=0,1,2,....

Therefore, the solution (2.5) reduces to

v(x,y,z,t) = i Apmi €Xp [— (kon(n+a+ﬁ+1)+k()\2+v2)> t}

n,m,l=0

[
x P9 (1) cos % y cos s
c

Here, Re (a) > —1, Re(8) > —1 and A, are constants. If the initial temperature
distribution in parallelepiped is given by

> l
(2.6) S AP (z) cos —WZT Y cos =
c

n,m,l=0

Now, multiplying both sides of (2.6) by (1 — z)* (1 + )" P{®8) () cos mE oy cos 2z,
integrating both sides between x = -l and z =1, y=0and y=b, z=0and z = ¢,
and applying the result [5, Vol. II. Page 285, (5)]

2 20HAH I (a+n+ DT (B+n+1)

[1(1—x)a(1+x)5 P (@) de = (@+f+2n+ DT (a+B+n+1)

with Re () > —1, Re () > —1, we obtain

nla+p+2n+1)T(a+L+n+1)
208K M (a+n+ 1) (B+n+1)
Im

c b rl
X / / / (1—2)* (14 z)° PP (z) cos %y cos — z f(x,y,2) de dy dz.
0 Jo Jo1 c

Amnl -
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Hence, the temperature distribution in the non-homogeneous moving rectangular
parallelepiped is given by

(2.7)
v(z,y, 2, t)
1 i nl(a+8+2n+ DT (a+p+n+1)
25 The 22 2T (@ +n+ DD (B+n+1)
2 l2 l
X exp [— <kon(n+a+ﬁ+ 1) + kn? <T; + )) t] P () cos%y oS %Tz

c rb 1 [
X / / / (1—2)*(1+2)" P9 (2) cos%y cosng(a: y, z) dv dy dz,
0 Jo J-1
with Re (o) > —1, Re () > —1.

Remark 2.1. Prasad and Maurya [10] have given application of Jacobi polynomial and
multivariable H-function in heat conduction in non-homogeneous moving rectangular
parallelepiped; Simoes et al. [9] have studied Green’s functions for heat conduction
for unbounded and bounded rectangular spaces.

3. MULTIVARIABLE ALEPH-FUNCTION

For an illustration, if we take f (x,y,z) = f1 () fo (v) f3(2), fo(y) = e M, f3(z) =
e % and f; (z) to be the most general special function in the form of multivariable
Aleph-function.

The multivariable Aleph-function is a generalization of the multivariable H-function
defined by Srivastava and Panda [14,15]. The multivariable Aleph-function is defined
by means of the multiple contour integral [3,7]:

N(z1,...,2)
1 e (r)
_ 0,n:mq,n1,...,mep, Ny as; aj [ ’aj 1nl’
piniaTﬁR:pi(l)7qi(1)77'i(1);R<1);~~~§pi('r) 14,(r) ;Ti('r);R(T> ’
2 Ce

|:7—i (CL]‘Z'; Oéﬁ-?, e a(:))nJrl,pi : |:< ;1)) (7‘51))1#“] Ti(1) ( 2121)7753()1>> L+l p(l):|

{ ( ]Zaﬁ ) 6(T)>m+17qi] : [(d;l)) s (55-1))1”1} 5 [Ti(l) <d§1()1);5](11()1))m +17q<1)} )
)G, e (i), e
)60, o (@080, 0]

r

- = (s, ey 8e) L Ok (sk) 227 dsy - - dsy,
(27w) /Ll /LT kl;[l g
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with w = v—1,
;:1 r (1 — Gy + Z};:l Oz§k)8k)

o) = iﬁ;l [Tz‘ Hﬁ-":m I (aji — k=1 ag('];)sk) ;Zi:l r (1 —bji + 2k Bg(f)sk)}
and
me T d%) _ 5(@ (] — (k) (k)
Botsn) = 1L (4 )H ( i 0,

2= [W) I, T (1 — d\ + 6! Z<k>=5’ ) [T a T ( §Z<)k> 7(k<) >3k)} |

j’L

For more details, see Ayant [1]. The condition for absolute convergence of multi-
ple Mellin-Barnes type contour can be obtained by extension of the corresponding
conditions for multivariable H-function given by

1
|arg 2| < §A§k)

where
n
k
AE):Zag‘ — T Z a]z _leﬁﬂ +Z’YJ — Tk Z Z(k)
] j=nt1 Jj=nr+1

- 9(k)
(3.2) + Z j —Twm Yy, 0 Z<k>

j=1 j=mp+1

withk=1,...,r,i=1,...,R, i® =1,... R®,

The complex numbers z; are not zero. Throughout this document, we assume the
existence and absolute convergence conditions of the multivariable Aleph-function.
For convenience, we shall use the following notations in this paper.

Vv =My, N5 - w5 My Ny

Cp). . .
W =p,), g0, T; RY; i, G, T3 R,

A={(wsa®ccca?), Y (amalna®) Y {(@00), )
{ () } {0, { (i), o }
B ={nb8L,.... 85 )mﬂ,qi}:{(d§1);5§1))17m1}’{ﬁ<l> (dﬁ?w;5§3<)1>)m1+1,qi(1)}3
d60) ) {Tm (dg_ggr);5;;3T))mﬁl7qm }

p(1— x)mll (1+ x)mll, A

Let

fl (I) - Ng;flq},/n,RW : .
pr(1—2)" (14+2)" | B
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Substituting for fi(x), f2(y) and f3(z) in equation (2.7), which is justifiable under the
given conditions, we evaluate the y and z-integrals, first and the write the multivariable
Aleph-function into the Mellin-Barnes contour integral with the help of (3.1), apply

the result [5, Vol. 11, page 284, (3)],

33) [ 11 (1—2) (14 2) PO (2)dz

2D (1 + 1) (04 1)
B L(l+o0+2)

X sby(—n,a+p+n+ 1, l+La+1l,l+0+2;1),

with Re (o) > —1, Re () > —1, and finally interpret the resulting I'-functions with
the definition of multivariable Aleph-function. The temperature distribution in a
non-homogeneous moving rectangular parallelepiped is then

t
v(w,y, 2t = be2oth-1 n,m%vzo (12 +m27r2/b2) 0% + 1272 /c?)
nla+p+2n+1)I'(a+B+n+N+1)I'(—n+ N)

NT(a+N+DI'(a+n+1)T(B+n+1)I(—n)

X exp [—{kon(TH—a—l—ﬁ—i-l)—l—/mQ (7;2+l2>}t]

p12m’1 +mY

pde~ I (o 1) & (1 )
(
)

Im
(,8) mm 0,n+2:V
x PP (x) cos , Yeos—z N D gl R

pp2mtm
(—a—N:mj,...,m) (=B :m],....m!) A

(3.4) :
(—ra—B—=N—-1:m)+mf,....m. +m)), B

Provide that Re (a) > —1, Re () > —1, m}, m! >0 fori=1,...,r, and
[ (d)
Re(a+1) —i—Zm min Re LZ) >0,

1<j<m; 5(
J

S8

O
J
Re (8 +1) +Zm 1glglane (5@) >0,
L\9% /]

|arg pi| < %Agk) 7, where A% is defined by (3.2).

Remark 3.1. For detail and applications of Aleph-function, the reader can refer recent
work [2,8,16].
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4. PARTICULAR CASES

(a) When the rectangular parallelepiped moves with uniform velocity, the partial
differential equation (1.2) reduces to the unsteady case of the partial differential equa-
tion (1) of Carslaw and Jaeger [4] with no radiation but with variable conductibility.
We have a + 8 = 0 and

ov o 0% v v v\

and the temperature distribution in the parallelepiped between x = —1 and =z =
1,y=0and y =0, 2 =0 and z = ¢ is given by

v(x,y,2,t)
 2udeWHOT (o +1) $ (1= (=) (1= (=)
B be =0 (17 +m2m2[02) (62 + P72/ c?)

y nl 2n+1)I'(n+N+1)TI'(—n+ N)
NIT'(a+N+1)T'(a+n+ )T (B+n+1)(—n)

2 g2
X exp l— </€o n(n+ 1)+ kr? (m + l)) t] PP (z) cos % Y cos ZIZ
c

b2 c?

P2t | (—a— N :ml,...,om.), (=B :ml,...,m'), A

O,n+2:V . .
X Npi+27qi+1,Ti;RZW . : 9

P2t (=N —=1:mi+ml,...om.+ml), B

under the same condition that (3.4) with oo + 5 = 0.
(b) When the parallelepiped is stationary between z = —1 and = = 1, we have
a = =0 and the partial differential equation (1.2) reduces to

?;:k()((l—ﬁ)%—zx%) +k<g;}+gi§> — 0,
and the temperature distribution in the parallelepiped between x = —1 and x =
l,y=0and y =5, z =0 and z = c is given by
v(x,y,z,t)
| Quder (s o (1= (ma - (=)
be ol N=0 (u? + m27w2/b?) (62 + 1272/ c?)

n! 2n+1)T'(n+ N+1)I'(—n+ N) o (m? 2
NIV 41D Tt )P (—n) O [_ (“”(“ L)+ kn <62 ! )) t]

l
X P,(x) cos —HZT Y COS —Wz
c
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pi2m Tt | (=N tmh o ml), (0:m2, o, m!) A

T
0,n+42:V . .
x sz+2 ¢+1,7; RW . . )

p, 2ty (=N —=1:mi+mf,....om.+m!), B
where P,(z) is a Legendre’s polynomial, under the same condition that (3.4) with
a=p=0.
5. ALEPH-FUNCTION OF TWO VARIABLES

If r = 2, the multivariable Aleph-function reduces to Aleph-function of two variables
defined by Sharma [13](see also, [6]) and the general solution is

v(x,y,2,t)
I 1) ™ (1= )
— beoa+B—1 o (12 +m2 2/b2) (62 1 1272/ c2)

nl(a+B+2n+1)I'(a+F+n+N+1)I'(—n+N)
NII'(fa+N+1D)T'(a+n+ )T (B+n+1)'(—n)

2 12
X exp [— (kon(n+a+ﬁ+1)+k7r2 (TZQ +l )) 1P,§a’ﬂ)(x) cos%y cosl;rz

pr2matmy (—a—=N:mj,mb), (=f:m{ m)), A
NO n+2:V

PH—Q qZ“l‘l Tis R:W )
! 1 . / " / "
pa2matme | (—a— [ — N —1:m)+m],myh+m)), B

under the same condition that (3.4) with r = 2.

6. I-FUNCTION OF TwWO VARIABLES

If r =2 and 7;, 7+, 7 — 1 the multivariable Aleph-function reduces to I-function
of two variables defined by Sharma and Mishra [12] (see also, [11]) and the general
solution is

v(z,y,z,1)

e o) " (1= (=))

B be2e+8-1 o (e —I—m27r2/62) (02 41272 /c?)
nl(a+B+2n+1)I'(a+p+n+N+1)I'(—n+N)
NIT'(a+N+1D)T'(a+n+ )T (B+n+1)'(—n)

2 l2 l
X exp [— (kon(n+a+5+1)+k:7r2 (TZZ + >>t] PP () cos%y cosgz
pr2mitm (—a—N: ml,mz) (=B :mi,my), A

p,+2 ql—f—l RW . . )

p2metm: | (—a—f—N—1: m’1 +mf,my+m}), B
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under the same condition that (3.4) with r =2 and 7, 7o, 7v — 1.

7. CONCLUDING REMARKS

Specializing the parameters of the multivariable Aleph-function, we can obtain a
large number of results involving various special functions of one and several variables
useful in Mathematics analysis, Applied Mathematics, Physics and Mechanics. The
result derived in this paper is of general character and may prove to be useful in
several interesting situations appearing in the literature of sciences.
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