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ON THE HERMITE-HADAMARD TYPE INEQUALITIES FOR
FRACTIONAL INTEGRAL OPERATOR

H. YALDIZ1 AND M. Z. SARIKAYA2

Abstract. In this paper, using a general class of fractional integral operators, we
establish new fractional integral inequalities of Hermite-Hadamard type. The main
results are used to derive Hermite-Hadamard type inequalities involving the familiar
Riemann-Liouville fractional integral operators.

1. Introduction

Let f : I ⊆ R→ R be a convex mapping defined on the interval I of real numbers
and a, b ∈ I, with a < b. The following double inequality is well known in the
literature as the Hermite-Hadamard inequality [5]:

(1.1) f

(
a+ b

2

)
≤ 1
b− a

∫ b

a
f (x) dx ≤ f (a) + f (b)

2 .

The most well-known inequalities related to the integral mean of a convex function
are the Hermite-Hadamard inequalities.

In [2], Dragomir and Agarwal proved the following results connected with the right
part of (1.1).

Lemma 1.1. Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b. If f ′ ∈ L[a, b], then the following equality holds:

(1.2) f (a) + f (b)
2 − 1

b− a

∫ b

a
f(x)dx = b− a

2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt.

Key words and phrases. Fractional integral operator, convex function, Hermite-Hadamard inequal-
ity.
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Theorem 1.1. Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦, a, b ∈ I◦ with
a < b. If |f ′| is convex on [a, b], then the following inequality holds:

(1.3)
∣∣∣∣∣f (a) + f (b)

2 − 1
b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ (b− a)
8 (|f ′(a)|+ |f ′(b)|) .

Meanwhile, in [8], Sarikaya et al. gave the following interesting Riemann-Liouville
integral inequalities of Hermite-Hadamard type.
Theorem 1.2. Let f : [a, b] → R be a positive function with 0 ≤ a < b and
f ∈ L1([a, b]). If f is a convex function on [a, b], then the following inequalities
for fractional integrals hold:

(1.4) f

(
a+ b

2

)
≤ Γ(α + 1)

2 (b− a)α
[
Jαa+f(b) + Jαb−f(a)

]
≤ f (a) + f (b)

2 ,

with α > 0.
Lemma 1.2. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If
f ′ ∈ L [a, b] , then the following equality for fractional integrals holds:

f(a) + f(b)
2 − Γ(α + 1)

2 (b− a)α
[
Jαa+f(b) + Jαb−f(a)

]
(1.5)

=b− a2

∫ 1

0
[(1− t)α − tα] f ′ (ta+ (1− t)b) dt.

Theorem 1.3. Let f : [a, b]→ R be a differentiable mapping on (a, b) with a < b. If
|f ′| is convex on [a, b], then the following inequality for fractional integrals holds:∣∣∣∣∣f(a) + f(b)

2 − Γ(α + 1)
2 (b− a)α

[
Jαa+f(b) + Jαb−f(a)

]∣∣∣∣∣(1.6)

≤ b− a
2 (α + 1)

(
1− 1

2α
)

[|f ′(a)|+ |f ′(b)|] .

For some recent results connected with fractional integral inequalities see ([8]-[11])
In [7], Raina defined the following results connected with the general class of

fractional integral operators

(1.7) Fσρ,λ (x) = F
σ(0),σ(1),...
ρ,λ (x) =

∞∑
k=0

σ (k)
Γ (ρk + λ)x

k, ρ, λ > 0, |x| < R,

where the coefficents σ (k), k ∈ N0 = N∪{0}, is a bounded sequence of positive real
numbers and R is the real number. With the help of (1.7), Raina and Agarwal
et al. defined the following left-sided and right-sided fractional integral operators,
respectively, as follows:

(1.8) Jσρ,λ,a+;ωϕ(x) =
∫ x

a
(x− t)λ−1

Fσρ,λ [ω (x− t)ρ]ϕ(t)dt, x > a,

(1.9) Jσρ,λ,b−;ωϕ(x) =
∫ b

x
(t− x)λ−1

Fσρ,λ [ω (t− x)ρ]ϕ(t)dt, x < b,
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where λ, ρ > 0, ω ∈ R, and ϕ (t) is such that the integrals on the right side exists.
It is easy to verify that Jσρ,λ,a+;ωϕ(x) and Jσρ,λ,b−;ωϕ(x) are bounded integral operators

on L (a, b), if

(1.10) M :=Fσρ,λ+1 [ω (b− a)ρ] <∞.

In fact, for ϕ ∈ L (a, b), we have

(1.11)
∥∥∥Jσρ,λ,a+;ωϕ(x)

∥∥∥
1
≤M (b− a)λ ‖ϕ‖1

and

(1.12)
∥∥∥Jσρ,λ,b−;ωϕ(x)

∥∥∥
1
≤M (b− a)λ ‖ϕ‖1 ,

where

‖ϕ‖p :=
 b∫
a

|ϕ (t)|p dt


1
p

.

The importance of these operators stems indeed from their generality. Many useful
fractional integral operators can be obtained by specializing the coefficient σ (k). Here,
we just point out that the classical Riemann-Liouville fractional integrals Iαa+ and Iαb−
of order α defined by (see, [3, 4, 6])

(1.13) (Iαa+ϕ) (x) := 1
Γ (α)

∫ x

a
(x− t)α−1 ϕ(t)dt, x > a, α > 0

and

(1.14) (Iαb−ϕ) (x) := 1
Γ(α)

∫ b

x
(t− x)α−1 ϕ(t)dt, x < b, α > 0,

follow easily by setting

(1.15) λ = α, σ (0) = 1 and w = 0

in (1.8) and (1.9), and the boundedness of (1.13) and (1.14) on L (a, b) is also inherited
from (1.11) and (1.12), (see [1]).

In this paper, using a general class of fractional integral operators, we establish
new fractional integral inequalities of Hermite-Hadamard type. The main results are
used to derive Hermite-Hadamard type inequalities involving the familiar Riemann-
Liouville fractional integral operators.

2. Main Results

In this section, using fractional integral operators, we start with stating and proving
the fractional integral counterparts of Lemma 1.1, Theorem 1.1 and Theorem 1.2.
Then some other refinements will folllow. We begin by the following theorem.
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Theorem 2.1. Let ϕ : [a, b]→ R be a convex function on [a, b], with a < b, then the
following inequalities for fractional integral operators hold:

ϕ

(
a+ b

2

)
≤ 1

2 (b− a)λ Fσρ,λ+1 [ω (b− a)ρ]

[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
]

(2.1)

≤ϕ (a) + ϕ (b)
2 ,

with λ > 0.

Proof. For t ∈ [0, 1], let x = ta+ (1− t)b, y = (1− t)a+ tb. The convexity of ϕ yields

(2.2) ϕ

(
a+ b

2

)
= ϕ

(
x+ y

2

)
≤ ϕ (x) + ϕ (y)

2 ,

i.e.,

(2.3) 2ϕ
(
a+ b

2

)
≤ ϕ (ta+ (1− t)b) + ϕ ((1− t)a+ tb) .

Multiplying both sides of (2.3) by tλ−1Fσρ,λ [ω (b− a)ρ tρ], then integrating the resulting
inequality with respect to t over [0, 1], we obtain

2ϕ
(
a+ b

2

) 1∫
0

tλ−1Fσρ,λ [ω (b− a)ρ tρ] dt

≤
1∫

0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ (ta+ (1− t)b) dt

+
1∫

0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ ((1− t)a+ tb) dt.

Calculating the following integrals by using (1.7), we have
1∫

0

tλ−1Fσρ,λ [ω (b− a)ρ tρ] dt = Fσρ,λ+1 [ω (b− a)ρ] ,

1∫
0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ (ta+ (1− t)b) dt

= 1
(b− a)λ

b∫
a

(b− x)λ−1
Fσρ,λ [ω (b− x)ρ]ϕ (x) dx

and
1∫

0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ ((1− t)a+ tb) dt
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= 1
(b− a)λ

b∫
a

(x− a)λ−1
Fσρ,λ [ω (x− a)ρ]ϕ (x) dx.

As consequence, we obtain

(2.4) 2Fσρ,λ+1 [ω (b− a)ρ]ϕ
(
a+ b

2

)
≤ 1

(b− a)λ
[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
]

and the first inequality is proved.
Now, we prove the other inequality in (2.1), Since ϕ is convex, for every t ∈ [0, 1],

we have

(2.5) ϕ (ta+ (1− t)b) + ϕ ((1− t)a+ tb) ≤ ϕ (a) + ϕ (b) .

Then multiplying both hand sides of (2.5) by tλ−1Fσρ,λ [ω (b− a)ρ tρ] and integrating
the resulting inequality with respect to t over [0, 1], we obtain

1∫
0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ (ta+ (1− t)b) dt

+
1∫

0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ ((1− t)a+ tb) dt

≤ [ϕ (a) + ϕ (b)]
1∫

0

tλ−1Fσρ,λ [ω (b− a)ρ tρ] dt.

Using the similar arguments as above we can show that
1

(b− a)λ
[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
]
≤ Fσρ,λ+1 [ω (b− a)ρ] [ϕ (a) + ϕ (b)]

and the second inequality is proved. �

Remark 2.1. If in Theorem 2.1 we set λ = α, σ (0) = 1, w = 0, then the inequalities
(2.1) become the inequalities (1.4) of Theorem 1.2.

Remark 2.2. If in Theorem 2.1 we set λ = 1, σ (0) = 1, w = 0, then the inequalities
(2.1) become the inequalities (1.1).

Before starting and proving our next result, we need the following lemma.

Lemma 2.1. Let ϕ : [a, b]→ R be a differentiable mapping on (a, b) with a < b and
λ > 0. If ϕ′ ∈ L [a, b] , then the following equality for fractional integrals holds:

ϕ (a) + ϕ (b)
2 − 1

2 (b− a)λ Fσρ,λ+1 [ω (b− a)ρ]

[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
](2.6)
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= (b− a)
2Fσρ,λ+1 [ω (b− a)ρ]

 1∫
0

(1− t)λ Fσρ,λ+1 [ω (b− a)ρ (1− t)ρ]ϕ′ (ta+ (1− t)b) dt

−
1∫

0

tλFσρ,λ+1 [ω (b− a)ρ tρ]ϕ′ (ta+ (1− t)b) dt
 .

Proof. Here, we apply integration by parts in integrals of right hand side of (2.6),
then we have

1∫
0

(1− t)λ Fσρ,λ+1 [ω (b− a)ρ (1− t)ρ]ϕ′ (ta+ (1− t)b) dt(2.7)

−
1∫

0

tλFσρ,λ+1 [ω (b− a)ρ tρ]ϕ′ (ta+ (1− t)b) dt

= (1− t)λ Fσρ,λ+1 [ω (b− a)ρ (1− t)ρ] ϕ (ta+ (1− t)b)
a− b

∣∣∣∣∣
1

0

− 1
b− a

1∫
0

(1− t)λ−1
Fσρ,λ [ω (b− a)ρ (1− t)ρ]ϕ (ta+ (1− t)b) dt

+ tλFσρ,λ+1 [ω (b− a)ρ tρ] ϕ (ta+ (1− t)b)
b− a

∣∣∣∣∣
1

0

− 1
b− a

1∫
0

tλ−1Fσρ,λ [ω (b− a)ρ tρ]ϕ (ta+ (1− t)b) dt.

Now we use the substitution rule last integrals in (2.7), after by using definition of
left and right-sided fractional integral operator, we obtain proof of this lemma. �

Remark 2.3. If in Lemma 2.1 we set λ = α, σ (0) = 1, and w = 0, then the inequalities
(2.6) become the equality (1.5) of Lemma 1.2.

Remark 2.4. If in Lemma 2.1 we set λ = 1, σ (0) = 1, and w = 0, then the inequalities
(2.6) become the equality (1.2) of Lemma 1.1.

We have the following results.

Theorem 2.2. Let ϕ : [a, b]→ R be a differentiable mapping on (a, b) with a < b and
λ > 0. If |ϕ′| is convex on [a, b], then the following inequality for fractional integrals
holds:

∣∣∣∣∣∣ϕ (a) + ϕ (b)
2 − 1

2 (b− a)λ Fσρ,λ+1 [ω (b− a)ρ]

[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
]∣∣∣∣∣∣

(2.8)
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≤ (b− a)
Fσ
′
ρ,λ+2 [ω (b− a)ρ]

Fσρ,λ+1 [ω (b− a)ρ]
|ϕ′ (a)|+ |ϕ′ (b)|

2 ,

where
σ′ (k) := σ (k)

(
1− 1

2ρk+λ

)
.

Proof. Using Lemma 2.1 and the convexity of |ϕ′|, we find that∣∣∣∣∣∣ϕ (a) + ϕ (b)
2 − 1

2 (b− a)λ Fσρ,λ+1 [ω (b− a)ρ]

[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
]∣∣∣∣∣∣

≤ (b− a)
2Fσρ,λ+1 [ω (b− a)ρ]

 ∞∑
k=0

σ (k)ωk (b− a)
Γ (ρk + λ+ 1)

ρk

×

 1∫
0

∣∣∣(1− t)ρk+λ − tρk+λ
∣∣∣ [t |ϕ′ (a)|+ (1− t) |ϕ′ (b)|] dt


= (b− a)

2Fσρ,λ+1 [ω (b− a)ρ]

[ ∞∑
k=0

σ (k)ωk (b− a)ρk

Γ (ρk + λ+ 1)

×


1
2∫

0

[
(1− t)ρk+λ − tρk+λ

]
[t |ϕ′ (a)|+ (1− t) |ϕ′ (b)|] dt

+
1∫

1
2

[
tρk+λ − (1− t)ρk+λ

]
[t |ϕ′ (a)|+ (1− t) |ϕ′ (b)|] dt




= (b− a)
2Fσρ,λ+1 [ω (b− a)ρ]

(
Fσ
′

ρ,λ+2 [ω (b− a)ρ]
)

(|ϕ′ (a)|+ |ϕ′ (b)|) .

This completes the proof. �

Remark 2.5. If in Theorem 2.2 we set λ = α, σ (0) = 1, and w = 0, then the inequality
(2.8) become the inequalities (1.6) of Theorem 1.3.

Remark 2.6. If in Theorem 2.2 we set λ = 1, σ (0) = 1, and w = 0, then, the inequality
(2.8) become the inequalities (1.3) of Theorem 1.1.

Theorem 2.3. Let ϕ : [a, b]→ R be a differentiable mapping on (a, b) with a < b. If
|ϕ′|q is convex on [a, b] for some q > 1, then the following inequality for fractional
integrals holds:∣∣∣∣∣∣ϕ (a) + ϕ (b)

2 − 1
2 (b− a)λ Fσρ,λ+1 [w (b− a)ρ]

[(
Jσρ,λ,a+;wϕ

)
(b) +

(
Jσρ,λ,b−;wϕ

)
(a)
]∣∣∣∣∣∣

≤ (b− a)
2Fσρ,λ+1 [w (b− a)ρ]F

σ1
ρ,λ+1 [w (b− a)ρ]
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×

( |ϕ′ (a)|q + 3 |ϕ′ (b)|q

8

) 1
q

+
(

3 |ϕ′ (a)|q + |ϕ′ (b)|q

8

) 1
q

 ,
where

σ1 (k) := σ (k)
(

1
(ρk + λ) p+ 1

) 1
p (

1− 1
2(ρk+λ)p

) 1
p

,

with 1
p

+ 1
q

= 1, λ > 0.

Proof. Using Lemma 2.1 and the convexity of |ϕ′|q, and Hölder’s inequality, we obtain∣∣∣∣∣∣ϕ (a) + ϕ (b)
2 − 1

2 (b− a)λ Fσρ,λ+1 [ω (b− a)ρ]

[(
Jσρ,λ,a+;ωϕ

)
(b) +

(
Jσρ,λ,b−;ωϕ

)
(a)
]∣∣∣∣∣∣

≤ (b− a)
2Fσρ,λ+1 [ω (b− a)ρ]

[ ∞∑
k=0

σ (k)ωk (b− a)ρk

Γ (ρk + λ+ 1)

×




1
2∫

0

[
(1− t)ρk+λ − tρk+λ

]p
dt


1
p


1
2∫

0

[
t |ϕ′ (a)|q + (1− t) |ϕ′ (b)|q

]
dt


1
q

+


1∫

1
2

[
tρk+λ − (1− t)ρk+λ

]p
dt


1
p


1∫
1
2

[
t |ϕ′ (a)|q + (1− t) |ϕ′ (b)|q

]
dt


1
q




≤ (b− a)
2Fσρ,λ+1 [ω (b− a)ρ]

[ ∞∑
k=0

σ (k)ωk (b− a)ρk

Γ (ρk + λ+ 1)

×




1
2∫

0

[
(1− t)(ρk+λ)p − t(ρk+λ)p

]
dt


1
p


1
2∫

0

[
t |ϕ′ (a)|q + (1− t) |ϕ′ (b)|q

]
dt


1
q

+


1∫

1
2

[
t(ρk+λ)p − (1− t)(ρk+λ)p

]
dt


1
p


1∫
1
2

[
t |ϕ′ (a)|q + (1− t) |ϕ′ (b)|q

]
dt


1
q




= (b− a)
2Fσρ,λ+1 [w (b− a)ρ]F

σ1
ρ,λ+1 [w (b− a)ρ]

×

( |ϕ′ (a)|q + 3 |ϕ′ (b)|q

8

) 1
q

+
(

3 |ϕ′ (a)|q + |ϕ′ (b)|q

8

) 1
q

 .
Here, we use (A−B)p ≤ Ap −Bp for any A > B ≥ 0 and p ≥ 1.

This completes the proof. �
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Corollary 2.1. Under the assumption of Theorem 2.3 with λ = α, σ (0) = 1 and
w = 0, we have∣∣∣∣∣ϕ(a) + ϕ(b)

2 − Γ(α + 1)
2 (b− a)α

[
Jαa+ϕ(b) + Jαb−ϕ(a)

]∣∣∣∣∣
≤(b− a)

2

(
1

αp+ 1

) 1
p (

1− 1
2αp

) 1
p

×

( |ϕ′ (a)|q + 3 |ϕ′ (b)|q

8

) 1
q

+
(

3 |ϕ′ (a)|q + |ϕ′ (b)|q

8

) 1
q

 .
Corollary 2.2. If we take α = 1 in Corollary 2.1, we have∣∣∣∣∣∣ϕ(a) + ϕ(b)

2 − 1
(b− a)

b∫
a

ϕ (t) dt

∣∣∣∣∣∣
≤
(
b− a

2

)(
1

p+ 1

) 1
p (

1− 1
2p
) 1

p

×

( |ϕ′ (a)|q + 3 |ϕ′ (b)|q

8

) 1
q

+
(

3 |ϕ′ (a)|q + |ϕ′ (b)|q

8

) 1
q

 .
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