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DERIVATIONS OF BE-ALGEBRAS FROM HYPER BE-ALGEBRAS
M. HAMIDI* AND A. BORUMAND SAEID?

ABSTRACT. In this paper, we investigate some results in (B E-algebras) dual BOK-
algebras and hyper (B FE-algebras) dual K-algebras. We show that by a set X, we can
construct a hyper (BE-algebra) dual K-algebra. By concept of (BE-algebras) dual
BCK-algebras and fundamental relation on hyper (BFE-algebras) dual K-algebras
the notion of fundamental (BE-algebras) dual BC K-algebras is introduced. We
prove that any (BFE-algebra) dual BC K-algebra is a fundamental (B E-algebra) dual
BC K-algebra, in practical, any infinite set converts to fundamental (BE-algebra)
dual BC K-algebra of itself.

1. INTRODUCTION

In 1966, Imai and Iseki [2,3] introduced two classes of abstract algebras: BCK-
algebras and BC'I-algebras. It is known that the class of BC K-algebras is a proper
subclass of the class of BC'[-algebras. As a generalization of a BC K-algebra, H. S.
Kim and Y. H. Kim introduced the notion of a BFE-algebra and investigated several
properties [4].

The hyper algebraic structure theory was introduced in 1934 [5], by F. Marty
at the 8th congress of Scandinavian mathematicians. Hyperstructures have many
applications to several sectors of both pure and applied sciences. A. Radfar et al.
introduced the notion of hyper BFE-algebra, dual hyper K-algebra and investigate
some properties [6]. Furthermore, they showed that under some condition hyper BE-
algebras are equivalent to dual hyper K-algebras. Fundamental relations are one of
the main tools in algebraic hyperstructures theory. In [1], M. Hamidi et al. introduced
the concept of fundamental relation on hyper BFE-algebras and hyper K-algebras.

Key words and phrases. (Hyper BE-algebra) dual hyper K-algebra, fundamental (BE-algebra)
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Furthermore, they showed that quotient of any dual hyper K-algebra on a regular
relation is a hyper B E-algebra and this quotient on any good strongly regular relation
is a dual BC K-algebra. They introduced “4” as a relation on (hyper BFE-algebras)
dual hyper K-algebras and “0*” as a transitive closure of “6” such that is the smallest
equivalence relation that contains “9”.

In this paper, we need a relation for connecting category of (BFE-algebras) dual
BC K-algebras and category of (hyper BFE-algebras) dual hyper K-algebras. For this,
firstly we show that by any nonempty set can construct a hyper B E-algebra and dual
hyper K-algebra. We introduce the notion of fundamental (B E-algebra) dual BC' K-
algebra via fundamental relation ¢* on (hyper BE-algebra) dual hyper K-algebra. We
show that any nonempty set converts to a (BFE-algebra) dual BC' K-algebra such that
is isomorphic to a fundamental (B E-algebra) dual BC K-algebra and especially any
infinite (B E-algebra) dual BC'K-algebra is isomorphic to fundamental (BFE-algebra)
dual BC K-algebra of itself. Moreover, we find some relations between category of
(BE-algebras) dual BC'K-algebras and (hyper BFE-algebras) dual hyper K-algebras.

2. PRELIMINARIES

Definition 2.1. [4,7] An algebra (X;*,1) of type (2,0) is called a BE-algebra if
following axioms hold:

(BE1) z*xx = 1;
(BE2) z %1 =1;
(BE3) 1%z = x;

(BE4) zx (y*xz2) =y* (xx*z2), forall z,y,z € X.

We introduce a relation “<”on X by x < y if and only if x x y = 1. The BFE-algebra
(X;*,1) is said to be commutative, if for all z,y € X, (x xy) xy = (y x x) * z.

Definition 2.2. [7] An algebra (X;x, 1) of type (2,0) is called a dual BC K-algebra
if
(BE1l) x xx =1 for all x € X
(BE2) x %1 =1 for all z € X;
(dBCKl) zxy=yxz=1=z=1y;
(dBCK2) (x*xy) * ((y * 2) x (x * 2)) = 1;
(dBCK3) z* ((zxy) *xy) = 1.
The dual BCK-algebra (X;x*,1) is said to be commutative, if for all z,y € X,
(xxy)*xy=(y*x)*x.

Theorem 2.1. [7] By every nonempty set, can construct a commutative dual BCK -
algebra.

Definition 2.3. [1,6] Let H be a nonempty set and o : H x H — P*(H) be
a hyperoperation. Then (H;o,1) is called a hyper BE-algebra, if it satisfies the

following axioms:
(HBE;) z < 1 and z < x;
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(HBEs) x 0o (yoz) =yo(xoz);
(HBE3) z € 1o x;
(HBE4) 1 < z implies x = 1, for all x,y,z € H.

(H;o,1) is called a dual hyper K-algebra if satisfies (HBE;), (HBFE>) and the
following axioms:
(DHK;) zoy < (yoz) o (xoz);
(DHK,) z < y and y < x imply that z =y, for all z,y,z € H,
where the relation “<” is defined by = < y if and only if 1 € x oy. For any two
nonempty subsets A and B of H, we define A < B if and only if there exist a € A
and b € B such that a < b and Ao B = U aob. The dual hyper K-algebra

acAbeB
(X;0,1) is called a weak commutative dual hyper K-algebra, if for any z,y € X,

(xoy)oy)N((yox)ox)#0.

Theorem 2.2. [6] Let H be a hyper BE-algebra. Then
i) Ao(BoC)=Bo(Ao();
ii) A< A;

iii) 1 < A implies 1 € A;

v) x <yoz impliesy <xoz;

vi) 2 < (zoy) o y;

vii) z € x oy implies x < zoy;

(viii) y € 1 ox implies y < x, for all x,y,z € H and A, B,C C H.

Theorem 2.3. [1] Let (X;0,1) be a (hyper BE-algebra) dual hyper K -algebra and R
be an equivalence relation on X. Then, R is a reqular relation on X if and only if
(X/R;%,1) is a hyper BE-algebra, where for any T,5 € X/R

Ty = {7z €xoy)
and a binary relation “<” on X/R by
I<ys1eTxy.
Theorem 2.4. [1] Let (X;0,1) be a (hyper BE-algebra) dual hyper K-algebra and

R be an equivalence relation on X. If R is a strongly reqular relation on X, then
(X/R;%,1) is a BE-algebra.

3. CONSTRUCTING OF (BE-ALGEBRAS) DUAL BCK-ALGEBRAS AND (HYPER
BE-ALGEBRAS) DUAL HYPER K-ALGEBRAS

In this section, we construct a commutative (B FE-algebra) dual BC' K-algebra and a
weak commutative (hyper BFE-algebra) dual hyper K-algebra from arbitrary set. We
show that the sets with the same cardinal number convert to isomorphic B E-algebras,
dual BC K-algebras, hyper BF-algebras and dual hyper K-algebras.
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Theorem 3.1. Let (X, *,1) be a (BE-algebra) dual BCK-algebra. If Y is a set and
| X| = |Y|, then there exists a binary operation “«'” and 1" on'Y, such that (Y, %', 1")
is a (BE-algebra) dual BCK -algebra and (X, *,1) = (Y,*,1').

Proof. Since |X| = |Y|, then there exists a bijection ¢ : X — Y. For any y,,y, € Y,
we define a binary operation “*'” on Y as follows:

Y, * Yo = Qo(xl * .172),
where y, = p(x,), y, = ¢(z,) and z,,z, € X. It is easy to show that ' is well-defined.
Let y, =y, and y, = y,. Since ¢ is a bijection, then there exist unique elements
v, r,,2 2, € X such that y, = ¢(z,), ¥, = ¢(z,), ¥ = @(2!), ¥, = ©(z}) and so
x, =, z, = 2/. Hence, y, ¥ y, = o(x, xx,) = () xx,) =y ' y.. We can show
that (Y, *',1’) is a (BE-algebra) dual BC K-algebra. Let z,,z, € X. Then

Pz, x2,) = p(a,) ¥ p(z,)
and ¢(1) = p(x * z) = p(z) ¥ p(x) = 1'. Therefore, ¢ is homomorphism and then is

isomorphism. 0
Theorem 3.2. Let (X,0,1) be a (hyper BE-algebra) dual hyper K-algebra. If Y is a
set and | X| = |Y|, then there exists a binary hyperoperation “o'” and 1" on'Y', such

that (Y,0',1") is a (hyper BE-algebra) dual hyper K-algebra and (X,0,1) ~ (Y, o' 1).

Proof. Since | X| = |Y|, then there exists a bijection ¢ : X — Y. For any y,,y, € Y,
we define a binary hyperoperation “o’” on Y as follows:

Y o Yy = Qo(xl © x2)v
where y, = o(z,), y, = p(z,) and x,,z, € X. It is easy to show that o’ is well-defined.
Now, we define 1’ = p(1). We can show that (Y, o', 1) is a (hyper BFE-algebra) dual

hyper K-algebra.
Let z,z, € X. Then

p(z, 0x,) = p(x,) o p(,).
Therefore, ¢ is homomorphism and then is isomorphism. [l
Theorem 3.3. Let (X, *,1) and (Y,*', 1) be dual BCK -algebras. Then there exists a

binary hyperoperation “o” and “1"7on X x Y, such that (X x Y, 0,1") is a dual hyper
K-algebra.

Proof. Let (X, *,1) and (Y, *,1") be two dual BC K-algebras. For any (x1,y1), (22, y2)
€ X x Y, we define the binary hyperoperation “o” on X x Y as follows:

(z1,91) 0 (x2,92) = {(21 * 22, y2), (1 % T2, 51 % y2)}
and 17 = (1,1’). First, we show that the hyperoperation “o” is well defined.
Let (mlayl) = (x/hy/l) and (anyQ) = (’x/Z?yé) Thena
(3.1) (z1,91) © (2, y2) ={(21 * T2, 42), (21 * T2, 1 % 42) }

={ (2} * @5, 1), (& * 25, y1 ¥ 1)}
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=(21,41) © (¥, 43)-
Now, we define a binary relation “<”” on X x Y as follows:
(x,y) <" (z,w) if and only if (1,1") € (z,y) o (z,w).

We show that for any (z,y), (z,w) € X XY,
(3.2) (x,y) <" (z,w) if and only if z <2 and y <" w.
For this, let (z,y) <” (#,w). Then (1,1') € (z,y) o (z,w) = {(x * z,w), (r*x 2,y ¥ w)}
and so (1,1") = (x % z,w) or (1,1") = (z x z,y ¥ w). If (1,1") = (x % z,w), then = < z
and y <'w=1.1f (1,1') = (v * 2,y ¥ w), then < z and y <’ w. Therefore, in any
cases, we have, r < z and y <" w.

Conversely, let + < z and y <" w. Then zxz = 1 and y ¥ w = 1. Hence
(1,1") € (z,y) o (z,w). Therefore, (x,y) <" (z,w).

Now, we will show that (X xY,0,1”) is a dual hyper K-algebra. Let (x1,11), (22, y2),
(x3,y3) € X x Y. Then we have the following.
(HBEL) By (3.2), (z1,51) <" (z1,51) and (z1,41) <" (1, 1).
(HBE2)

(z1,91) © ((22,92)) © (73, y3))
=(x1,y1) o {(w2 * 3, ¥3), (T2 x T3, 42 ¥ ¥3) }
={(x1 * (2 % 23),y3), (71 * (T2 x x3), 41 * Y3), (21 * (T2 *x 3), Y2 * Y3),
(21 % (v x 23), 91 %' (y2 %' y3))}
={(z2 % (21 % 23), Y3), (T2 % (21 % 23), y1 ¥ Y3), (T2 * (T1 % 23), Y2 ¥ Y3),
(22 (21 % 23), y2 %' (y1 ¥ y3))}
=(x2,y2) o {(w1 * 3, ¥3), (L1 * T3, 41 ¥ y3)}
=(22,y2) o ((x1,71) © (23,¥3)).
(HBE3) (1,1') o (z, y) ={(Ixz,y),Axz, "< y)} ={
(HBE4) If (1,1") <” (z,y), then by (3.2), (z,y) = (1,1
(DHK3)
((z2,92) o (3,93)) © ((x1,91) © (23, Y3))
={(z2 % 73, Y3), (T2 x 73,2 % y3) } o {(1 x 73, 93), (21 % 73,91 ¥ y3)}
={((zg x v3) * (v1 x 73), Y3), (72 x 73) * (21 % T3), Y3 ¥’ Y3),
(w2 * w3) * (21 % 23), 11 * y3)), (w2 * x3) * (71 % 23), Y3 * (11 * Y3))),
(w2 % 3) * (21 % 23), (Y2 % y3) ¥ y3)), (2 x x3) % (21 % 23), (2 ¥ y3) %' (y1 % y3)}-
Since (x1,y1) o (za,y2) = {(z1 * T2, y2), (T1 *x T2, 11 * Yya) }, We get
(1,51) © (w2, 92) <" (2, 92) 0 (w3, 93)) © ((x1,31) © (3, Y3))-

(DHK4) Let (z1,91) <" (22,92) and (w2,92) <" (z1,51). Then by (3.2), (z1,11) =
(z2,y2). Therefore, (X x Y,0,1”) is a dual hyper K-algebra. d

(@.9)}.

)-
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Corollary 3.1. Let (X, *,1) and (Y,+',1") be BE-algebras. Then there exists a binary
hyperoperation “o” and “1”” on X XY, such that (X xY,0,1") is a hyper BE-algebra.

Ezample 3.1. Consider the dual BC K-algebras ({1,2,3,4},x,1) and ({a,b},*,a) as
follows:

*1 2 3 4
111 2 3 4 "la b
2111 3 4, ala b
311 2 1 4 bla a
411 2 3 1
Now for any z,y, w we set w, = (w, ), W, = {(w,2)}, Wy, = {(w, ), (w,y)} and
define a hyperoperation “o” on {1,2,3,4} x {a,b} as follows:
o) 1(1 11, 2a 2b 3(1 3b 4(1 41,
Lol 1e 1y 2, 2, 30 3 4o 4
]-b Ta Ta,b éa 7a,b ga ga b 1a 1a,b
2(1 Ia Ib Ta Tb ga gb Za Zb
2b Ta Ta,b Ta Tab ga gULb 1a Za,b .
3a Ta Tb éa éb T0L Tb 1a 1b
3b Ta Ta,b ia ia b Ta Ta b 1a Za,b
4(1 Ia Ib éa éb ga gb Ia Ib
4b Ia Ta,b éa ga, b ga ga,b Ia Ta,b

Then it is easy to see that ({1,2,3,4} x {a,b},0,1,) is a dual hyper K-algebra.

Corollary 3.2. Let (X,,1) be a (BE-algebra) dual BCK-algebra. Then for any
arbitrary distinct elements a, b:

(i) there exists a binary hyperoperation “o”, and constant “1'” on X x {a,b}, such
that (X x {a,b},0,1") is a (hyper BE-algebra) dual hyper K -algebra;

[

(ii) of X is infinite, then there exists a binary hyperoperation “o”, a constant “1”
on X, o and 1" on X x {a,b} such that (X,0,1) and (X x {a,b},o',1") are (hyper
BE-algebra) dual hyper K-algebras and (X x {a,b},o’,1") = (X, 0,1).

Theorem 3.4. By every nonempty set, we can construct a weak commutative dual
hyper K -algebra.

Proof. Let X be an arbitrary nonempty set. If | X| < 2, is clear. But if | X| > 2, for
any x,y € X, we define a binary operation “o” on X as follows:

roy— {z,,p}, ifx= y,
{y}, otherwise,

and
x <yifandonlyif z, € x oy,

where z, and p are fixed elements of X. Now, we show that (X, o,z,) is a dual hyper
K-algebra.
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(HBE1) Let # € X. Then by definition of o, 2, € zox and z, € zox, and so x < x,
and z < x.
(HBE2) Let x,y,z € X. We consider the following cases.
Case 1: z,y, z are distinct. Then, zo (yoz) =zo{z} ={z} =yo{z} =yo(zro2).
Case 2: =y # z. Then, zo(yoz)=xo{z} ={z} =yo{z} =yo(roz).
Case 3: =2z #y. Then, zo(yoz)=xo0{z} ={z,,p} =yo{x,,p} =yo(xro2).
Case 4: y=2#x. Then, o (yoz)=xo{x,,p} ={z,,p} =yo{z} =yo(xroz).
Case 5: x =y = 2. Then, vo (yoz) =xo{x,,p} = {z,,p} =yo{x,,p} =yo(roz).
(DHK3) Let z,y,z € X. We have the following cases.
Case 1: z,y, z are distinct. Then, zoy = {y} < {z,,p} = {z}o{z} = (yoz)o(xoz).
Case 2: x =y # z. Then, zoy = {z,,p} <{z,,p} ={2} o {2} = (yoz)o(ro2).
Case 3: x = z #y. Then, xoy = {y} <{z,,p} ={2} o {z,,p} = (yoz)o(zo2).
Case 4: y =z # x. Then, zoy = {y} <{z} ={z,,p} o {2} = (yoz)o(ro2).
Case 5: x =y = z. Then, woy = {x,,p} < {x,,p} ={z, p}o{z,,p} = (yoz)o(zoz).
(DHK4) Let 2,y € X. Then by definition of o, z, € z 0 y = x o y implies that x = y.
Moreover, for any z,y € X, 2, € (xoy)oyN(yox)ox # 0.

Therefore, (X, o0, x,) is a weak commutative dual K-algebra. O

Ezxample 3.2. Let X = {1,a,b,c,d,e}. Define the hyperoperation “o” as follows:

1 a b c d e

{Lep {ap {bp  {e}  H{d} A{e}
{Lep {Lep {0} {e} {d} A{e}
{Le}p {a}  {le} {c} {d} {e}
{Lep {aj {0} A{l,e} {d} {e}
{Lep {aj {0} {ep  {lep {e}
{Lep {ap {0} {egp H{d} {Le}

Then (X;o0,1) is a weak commutative dual hyper K-algebra.

o0 g —|o

Corollary 3.3. By every nonempty set, we can construct a weak commutative hyper
BE-algebra.

4. FUNDAMENTAL (BE-ALGEBRAS) DUAL BCK-ALGEBRAS

In this section, by using the notion of fundamental relation, we define the concept
of fundamental (B FE-algebra) dual BC K-algebra and we prove that any (B FE-algebra)
dual BC' K-algebra is a fundamental (B FE-algebra) dual BC K-algebra.

Now, in the following, we apply the concept of §* relation on (hyper BFE-algebra)
dual hyper K—algebra which is studied in [1]. Let (X;o0,1) be a (hyper BFE-algebra)
dual hyper K-algebra and A be a subset of X. £(A) will denote the set of all finite

combinations of elements A with o and @ A; = A1 0A2 0 ...x4p,.
i=1
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Definition 4.1. Let (X;0,1) be a (hyper BE-algebra) dual hyper K—algebra. Con-
sider

0 = {(z,2)|z € X}
and for every integer n > 1, 6, define as follows:

20y < Iay,as,...,a,) € X", Ju € L(ay,ay,...,a,) {z,y} C u.

Obviously, for every n > 1, the relations §,, are symmetric, the relation § = U Oy, 1s
n>1
a reflexive and symmetric relation. Let §* be the transitive closure of § (the smallest
transitive relation such that contains 0).

Ezample 4.1. Let X = {1,a,b,c}. Then (X, 0,1) is a weak dual hyper K-algebra as
follows:

1 a b c

{La} {a} {0}  {c}

{La} {La} {b} {c}

{La} {aj  A{lLaj {c}

{La} {a} {0} {la}

Now, § = {(1,1), (a,a), (b,b), (¢, ¢), (1,a), (a,1)} and clearly 6* = 4.

o S Q =0

Theorem 4.1. [1] Let (X;0,1) be a (hyper BE-algebra) weak commutative dual hyper
K-algebra. Then 6* is a (strongly reqular) good strongly reqular on X.

Theorem 4.2. [1] Let (X;0,1) be a (hyper BE-algebra) weak commutative dual hyper
K-algebra. Then (X/6*;%,1) is a (BE-algebra) commutative dual BC'K -algebra.

Lemma 4.1. Let (X,ox,1x) and (Y, oy, 1y) be (hyper BE-algebras) dual hyper K -
algebras. Then

(i) there exists a hyperoperation “oxxy ” and “lxxy ” on X XY such that (X XY, oxxy,
Ixxy) is a (hyper BE-algebras) dual hyper K-algebra;

(ii) for any (z,y), (z',y") € X XY, we have (x,y)0% v (2',y') if and only if x 6% 2’
and y 63 y'.

Proof. (i) For any (z,y), (z/,y') € X x Y, define oxyy on X X Y as follows:

(#,y) oxxy (¢, y) = (xox 2’) X (y oy ')
and 1xyy = (1x, ly). It is easy to verify that (X X Y,oxxy, lxxy) is a (hyper BE-
algebra) dual hyper K-algebra.
(ii) Let (z,2') € X? and (y,y') € Y?. Then xd%z’ and yd;y' if and only if there
exist u € L(X) and v € L(Y) such that {z,2'} C w and {y,y'} C v, if and only if
{(z,y), (2',y")} € u x v if and only if (z,y)0% ..y (2, 9. O

Ezample 4.2. Let X = {1,2,3} and Y = {a,b}. Then (X;o04,1) and (Y;09,1) are
dual hyper K-algebras by the following tables:
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01‘1 2 3

OQ‘G b
1 {1,3} {2} {3}
» o a | {a,b} {0} .
2 1,3 1,3 3
3 }1,3{ }2}} }1,}3} b [H{ab} fa.b}

Now we define a hyperoperation “o” on {1,2,3} x {a, b} as follows:

o (1,a) (1,0) (2,a) (2,0) (3,a) (3,0)
(La) |[AxB Ax{b} {2} xB {(2,b)} {3} xB {(3,b)}
(1,b) | Ax B Ax{a,b} {2} xB {2} xB {3} xB {3} xB
(2,a) | AxB Ax{b} AxB Ax{b} {3} xB {(3,b)} ,
(2,b) | AxB AxB AxB AxB {3}xB {3} xB
(3,a) |AxB Ax{b} {2} xB {(2,b)} AxB Ax/{b}
(3,) |[AxB AxB {2} xB {2} xB AxB AxB

where A = {1,3} and B = {a,b}. Clearly ({1,2,3} x {a,b},0,(1,a)) is a dual hyper
K-algebra.

Theorem 4.3. Let (X,ox,1x) and (Y,oy,1ly) be (hyper BE-algebras) dual hyper
K-algebras. Then

(X x Y, oxxy, lxxy) o, (X,0x,1x) y (Y, oy,1y)
0* N o* o* .
X Y

XxXY

Proof. Define the mapping:

o ((X x Y, Oxxy)7*> . <()(7 ox) " (K, Oy)’*> |
0% oy

by (0% v (x,y)) = (0% (x), 63 (y)). Firstly, we show that ¢ is well defined and one to
one. Let (z,,y,),(x,,y,) € X x Y. Then, by Lemma 4.1, 0%,y (x,,y,) = %y (,,9,)
if and only if 6% (z,) = 6% (x,) and &} (y,) = 6% (y,) if and only if ©(6% v (2,,,)) =
©(0% vy (x,,7,)). Secondly, we show that ¢ is homomorphism. Let (z,,v,), (z,,y,) €
X x Y. Then, by Lemma 4.1, for any ¢ € §%(z,) ox 0% (z,) and d € 63 (y,) oy 6y (y,)
we have

*
6X><Y

P(0x sy (2,5,) * (Ox sy (22, 1,)) =0(0x sy (¢, d)) = (0x(c), by (d))
=(0x (2,), 0y (1,)) * (0x (2,), 0y (4,))
=00y (£1,4,)) * POy (€2, 1,))
and p(0% .y (1x,1y)) = (6% (1x), 05 (1y)). Clearly, ¢ is a bijection and hence, ¢ is an

isomorphism. O

Theorem 4.4. Let (X,0,1), (Y,0',1") be (hyper BE-algebras) dual hyper K -algebras
and f:(X,0,1) = (Y,0,1') be a homomorphism. Then the following statements are
satisfied:

(i) for any x,y € X, x6*y implies that f(x)d*f(y);
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(ii) if f is an injective, then for any x,y € X, f(x)d* f(y) implies that z6*y;
(iii) if f is a bijection, then for any x,y € X, x6*y if and only if f(x)0* f(y);
(iv) if f is a bijection, then for any v € X, f(0*(z)) = 6*(f(x)).

Proof. (i) Let z,y € X. Since xd*y, then there exists u € £(X), such that {z,y} C u.
Now, for a homomorphism f : (X,0,1) — (Y,0',1") we have {f(z), f(y)} = f{z,y} C
f(u) € L(Y). Therefore, f(x)d*f(y).

(ii) For 2,y € X, since f(z)0*f(y), there exists v € L(Y'), such that {f(z), f(y)} C v.
Since f: (X,0,1) = (Y, 0, 1) is injective, we get,

{z,yy = {1 (F@). T (F @)} = FH @), f)} € F () € £(X).

Therefore, xd*y.
(iii) By (i) and (ii), the proof is straightforward.

(iv) Let € X. Then we have f(6*(z)) = |J f(y) = U f(y). By (iii), for any
ye§* () yo*x
x,y € X, xd*y if and only if f( Vo  f(y). Therefore7
= U f=Ufw
ye&* () yo*x
= U fw= U [
J()o* f (=) fy)es=(f(z))
=0"(f(x)). O

Example 4.3. Let X = {1,a,b,¢,d} and Y = {x,y, z,t}. Then (X;o01,1) and (Y09, 1)
are hyper BF-algebras by the following tables:

o; |1 a b ¢ d

o9 | @ a b c
1 {1,d}y {a} {0} {d {d}
a |{1,d} {1,d} {b} {c} {d} ; % }ﬁ % g{
EER A A
g {1:d} oo {C} o t [ {z} {y} {z} {z}

Now, we define a map f : (X;o01,1) = (Y;09,2) by f(c) =z, f(d) =t and f(1) =
f(a) = f(b) = x. Clearly f is a homomorphism, but is not injective and f(b) €
0*(f(1)), but b & 6*(1).

Theorem 4.5. Let (X, 0,1) be a (hyper BE-algebra) dual hyper K-algebra. If Y is a
set and | X| = |Y|, then there exists a binary hyperoperation “o'” “1"” on'Y', such that

X,0,1 ~ [ (Yo' 1
(Kod ) o (€1 ).
Proof. Since | X| = |Y'|, then by Theorem 3.2, there exists a binary hyperoperation
“o’” and 1’ on Y such that (Y,0',1") is a (hyper BFE-algebras) dual hyper K-algebra.
Moreover, there exists an isomorphism f : (X,0,1) — (Y,0',1’), such that f(1) = 1.

Now, we define the map ¢ : ((XO Kol) *) — ((Y’gi’l/),*> by p(6*(z)) = 6*(f(x)). First,
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we show that for any x,,z, € X, p(6*(x,) * 0*(x,)) = @(0*(x,)) * ¢(0*(x,)). For any
z,,x, € X we have

p(0"(2,) ¥ 0" (2,)) =p(0" (2, 0 2,)) = " (f(x, 0 z,))
=0"(f(w,) o f(x,)) = 6"(f(2,)) 0" (f(x,))
(4.1) =p(0"(2,)) * p(0"(2,))-

Since f is bijection, then ¢ is a bijection. Now, we show that ¢ is well-defined. Let
Y,,Y, € Y. Then there exist unique elements x,,z, € X such that y, = f(z,) and
y, = f(z,). Now, by Equation (4.1) and Theorem 4.4, p(5*(x,)) = ¢(6*(z,)) if and
only if 0*(f(z,)) = 6*(f(x,)) if and only if 6*(x,) = 0*(x,). Therefore, ¢ is well-
defined and one to one and by Equation (4.1), is a homomorphism. Hence ¢ is an

isomorphism. Therefore, <(X5’f:’1),>x<> ~ ((1/;7’1')7*) O

Corollary 4.1. Let (X,0,1) and (Y,o', 1) be isomorphic (hyper BE-algebras) dual

hyper K -algebra. Then (()((5701)’*) = ((Y;*l )« )

Definition 4.2. A (BFE-algebra) dual BC' K-algebra (X, , 1), is called a (fundamental
BE-algebra) fundamental dual BCK -algebra, if there exists a nontrivial (hyper BE-
algebra) dual hyper K-algebra (Y,o',1"), such that (Ll) *) = (X,%,1). In other
words, it is equal to the fundamental of nontrivial (hyper BE-algebra) dual hyper
K-algebra up to isomorphic.

Ezxample 4.4. Let X = {1,2,3}. Then (X, *, 1) is a BFE-algebra as follows:
*|1 2 3
1)1 2 3
201 1 3°
31 21
We construct a dual hyper K-algebra (Y = {a,b,c,d},o,a) as follows:

a b c d
{a,b} {6} {c} {d}
{a,b} {a,b} {c} {d}
{bap {b} Ha,b} {d}
{a;0}  {b}  {c}  {a,b}
¢) = {c} and 6*(d) = {d} and so %= = {{a,b},{c}, {d}}.

Qoo o

Clearly, 6*(a) = {a,b}, §*

Now, we have

—~

* | 0%(a) 0%(c) o°(d)
0*(a) | 0*(a) 0*(c) 0"(d)

“(c) [ 0%(a) 0%(a) 0%(d)
6*(d) [ 0%(a) 0%(c) 0%(a)

Clearly, (5 L%, 0% (a )) is a dual BC'K-algebra and (X, *,1) & (

(X, *,1) is a fundamental dual BC K-algebra.

500%,0%(a )) Therefore,
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Remark 4.1. We know that on any (BFE-algebra) dual BC K-algebra (X, , 1), if define
a binary hyperoperation "o” as x o y = {x x y} such that is a singleton, then (X, o, 1)
is a trivial (hyper BE-algebra) dual hyper K-algebra. Therefore, its fundamental
(BE-algebra) dual BC K-algebra is isomorphic to (X, %, 1). In the following, we define
nontrivial (hyper BFE-algebra) dual hyper K-algebra such that its fundamental (BE-
algebra) dual BC K-algebra, be isomorphic to given (BFE-algebra) dual BC' K-algebra

(X, *,1).

Theorem 4.6. Fvery dual BCK -algebra is isomorphic to a fundamental dual BCK -
algebra.

Proof. Let (X, *,1) be a dual BC' K-algebra. Then by Theorem 3.3, for any dual BC'K-
algebra (Y, «',1"), (X xY,0,(1,1")) is a dual hyper K-algebra. First, we show that for

any (a,b) € XxY, 6*(a,b) = {(a,z) |z € Y}. For this let, u = (D(2,y;) € L(X XY,
i=1

where (z;,y;) € X x Y. We have

U= é($i7yi) = {(éxiayi)a |z € X,y; € Y} :

i=1 i=1
Then we obtain u = {(a,y;)|a € X is fixed and y; € Y'}. Hence, for any (a,b), (¢,d) €
X xY, (a,b)0*(c,d) if and only if a = c. Now, we define the map

((X x Y, o0,(1,1))

P 5

by ¢(6*(x,y)) = x. It is clear that 6*(x,y) = 0*(2’,/) if and only if x = 2’ if and
only if ¢(6*(z,y)) = ¢(6*(2',y)). Then, ¢ is well defined and one to one. In follow,
we show that ¢ is a homomorphism. For this we have,

p(0"(x,y) % 07(2,y) = (0" (x 2’ y)) = w2’ = (3" (2,y)) x (6" (2", ¢/)).
Clearly, ¢ is onto. Therefore, ¢ is an isomorphism. 0

Remark 4.2. (i) The (hyper B FE-algebras) dual hyper K-algebra (X x Y, o, 1) is called
the associated (hyper BE-algebras) dual hyper K-algebra to X via Y (or shortly
associated (hyper BFE-algebras) dual hyper K-algebra) and denote by Xy.

(ii) The mapping ¢ : X — Xy by ¢(x) = (z,1) is an embedding.

Theorem 4.7. Let (X, *,1x) and (Y, %', 1y) be isomorphic dual BC' K -algebras. Then,
for any dual BCK-algebra (Z,%",15), Xz and Yz are isomorphic dual hyper K-
algebras.

Proof. Let f: (X, *,1x) — (Y, *,1y) be an isomorphism. Define map 6 : (Xz,0,1) —
(Yz,0,1) by 0(z,y) = (f(z),y), where x € X, y € Y. Clearly 6 is a bijection, now we
show that 6 is a homomorphism. Let (z1,v), (z2,y’) € Xz. Then,

0((z1,y) © (x2,")) =0({ (1 % 22,y), (w1 % 72,7)})

={0(21 % 22, y), 0(x1 % 22,)} = {(f (21 % 22), ), (f (21 % 22),9)}

,>|<> — (X, x,1)
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={(f(21) ¥ f(x2),y), (f(21) ¥ f(z2),4)}
=(f(21),y) o (f(x2), 7))
=0((21,9)) © 0((z2, 7).

Therefore, # is an isomorphism and (Xz,0,1) = (Y, 0,1). O
Corollary 4.2. Fvery BE-algebra is isomorphic to a fundamental BE-algebra.
Ezxample 4.5. Let X = {1,2,3}. Then (X, *, 1) is a BFE-algebra as follows:

=] =] =] =
DO DO DO
=Wl Wl W

w‘w‘w‘*

By Example 4.4, we saw that (X, *,1) is a fundamental dual BC K-algebra. Now, by
Theorem 4.6, we construct a new dual hyper K-algebra. Consider the dual BCK-
algebras ({1,2,3},x,1) and ({a, b}, *, a) as follows:

* /

IS
S

*
a

b

IS
(=l

Y

2
111 2
211 1
31 2 1

Uy YUY RYTRY EIY

Q
S

e, ool w|w

Now we define a hyperoperation “o” on
o (1,a) (1,b)

1,2,3} x {a,b} as follows:

(2,0)  (2,0)  (Ba) (3,b)
) [ {(La)y A {24} B {Ba} C
) A b)) {0y ¢  {Bb}
)){(Q,a)} B {Bady ¢ {Ba} C
)
)

DU“MM

9

Y

1,a
1,b
2,a
2,0
3,a
3,0
{(1
hat

B {@Zyy ¢ {Bby ¢  {Bb}
{Ba} ¢ {Bar ¢ {Ba} C
, ¢ A{GHr ¢ AByr ¢ {2}
(1,a),(1,b)}, B = {(2,a),(2,0)} and C' = {(3,a),(3,b)}. Then it is
easy to see that (Z = {1,2,3} x {a,b},0,(1,a)) is a dual hyper K-algebra. We have
0°((1,a)) = {(1,a),(1,b)}, *((2, a)) — {(2.), (2,0)} and 5"((3,0)) = {(3.a). (3,1)}.
Hence & = {6"((1,a)),0*((2,a)), 0*(

(
(
(
(
(
(

where A =

(3,a))} and obtain the following table:
* *( ,a) 0%(2,a) 0%(3,a)
0*(1,a) | 0*(1,a) 0%(2,a) 5*(3 a)
0*(2,a) | 0*(1,a) 0*(1,a) 6°(3,a)
0%(3,a) | 0*(1,a) 0*(2,a) ¢*(1,a)

Clearly, (5*,*,5*(( ))) is a dual BC'K-algebra and (X,*,1) = (5—*,*,5*(( )))
Therefore, (X, *,1) is a fundamental dual BC K-algebra.

Corollary 4.3. By every nonempty set, we can construct a fundamental (BE-algebra)
dual BCK -algebra.
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W,y”n

Proof. By Theorem 2.1, there exists a binary operation “x” and “z,” such that
(X, *,z,) is a dual BCK-algebra. By Theorem 4.6, (X, *,z,) is a fundamental dual
BC K-algebra. O

Theorem 4.8. Let (X, *,1) be any finite (BE-algebra) dual BC K -algebra. Then for
any binary hyperoperation “o”, and constant “1'” on X, such that (X, 0,1") is a (hyper
BE-algebra) dual hyper K-algebra, there is not any isomorphic between (X, *, 1) and

((Xgl’l,), *)) that is (X, x, 1) 2 ((X;%l/)’ *)

Proof. Let (X,*,1) be a finite (BF-algebra) dual BCK-algebra, |X| = n, “o” be a
hyperoperation, and “1’” constant on X, such that (X, o,1’) be a (hyper BE-algebra)
dual hyper K-algebra. Then there exist z,y € X such that |x oy| > 2. Hence,
there are m,n € x oy such that 0*(m) = 6*(n). Since & = {0*(z) | € X}, then,
X
6*

< n = |X]|. Therefore, ((X;%ll), *) 2 (X, %, 1). O

Theorem 4.9. Let (X,x,1) be a finite (BE-algebra) dual BCK -algebra such that
| X| > 2. Then, there exists a hyperoperation “o” on X such that (X,o,1) is a dual
hyper K -algebra and |(X, % 1)] = [((X,0,1)/6",6%(1), )| + 1.

Proof. Let p € X be a fixed element of X. Then by Theorem 3.4, (X, 0,1) is a dual
hyper K-algebra as follows:

{Lp}, ifz=y,
roy=
Y {y},  otherwise,

where z,y € X. Clearly §*(1) = {1,p} and for any x € X, §*(z) = {z}. Therefore,
|(X7*71)|:|<<X7071>/5*75*(1>7*)‘+1' u

Remark 4.3. Now, in the follow we try to show that for any infinite set X, there exists

W ”n

an operation “x”, constant 1 and a hyperoperation “o” on X, such that (X, x,1) is
an (BFE-algebra) dual BC K-algebra and (X, o, 1) is a (hyper BE-algebra) dual hyper

K-algebra. Moreover, <(X(§Z’1),>x<> > (X, %, 1).

Theorem 4.10. Let X be an infinite set. Then there exists an operation “x”, constant
“1”7 and a binary hyperoperation “o” on X such that <(X(;Z’1)7>x<) = (X, *,1). That is,
X is a fundamental dual BC K -algebra of itself.

Proof. Let X be an infinite set. Then for any arbitrary set {a, b}, by Corollary 3.2,
there exists a binary hyperoperation “o” a constant “1” on X, o’ and 1" on X X {a, b}
such that (X, 0,1) and (X x{a, b}, o, 1") are (hyper BE-algebra) dual hyper K-algebra
and (X x {a,b},0',1') = (X,0,1) and so

(X x {a,b},o,(1,a)) ~ (X,0,1)

4.2
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First, we show that for any (m,t) € X x {a,b}, 6*(m,t) = {(m,a), (m,b)}. For this
let u = )(my,n;) € L(X x {a,b}), where (m;,n;) € X x {a,b}. We have
i=1

n

0= Q) = { Qi) Q) |

i=1
Now, we obtain v = {(m,a), (m,b)|m € X is fixed}. Hence, for any (m,t),(n,s) €
X x {a,b},

(m,t)6"(n,s) < m =n.
Moreover, by Theorem 2.1, there exists an operation x and constant 1 such that
(X, *,1) is a dual BC K-algebra.

Now, we define the map ¢ : (W, *) — (X, %, 1) by p(6*(m,t)) =m. It
is clear that §*(m,t) = §*(m/, s) if and only if m = m’ if and only if p(§*(m,t)) =
©(0*(m/,s)). Then, ¢ is well defined and one to one.

Now, we show that ¢ is a homomorphism. For this we have,

©(6%(m,t) x 0% (m', 5)) =p(d* (m*m',t)) = mxm' = p(6*(m,t)) x p(0*(m’, s)).
Clearly, ¢ is onto. Hence, ¢ is an isomorphism and so

((X X {a,l;];, 0'7(1,a))7*> ~ (X, 1).

Therefore, by (4.2) and (4.3), we have

X x{a,b}, ", (La)) , (X,0,1)
5 T

(4.3)

(X,*,l)%(
U

Corollary 4.4. Any infinite set is isomorphic to fundamental BE-algebra of itself.

5. CATEGORICAL RELATIONS ON DuAL HYPER K-ALGEBRAS AND DUAL
BCK-ALGEBRAS

In this section we need to connect (BFE-algebras) dual BC' K-algebras and (hyper
BE-algebras) dual hyper K-algebras, so apply the results of previous sections. First,
briefly introduce the category of dual hyper K-algebras (dual BC' K-algebras). Cat-
egory DHy, (Dper), objects: (X, 0,1),(Y,0’,1'),... that are dual hyper K-algebras
((X,%,1),(Y,#,1"),... that are dual BC' K-algebras). Arrows: f,g,... that are ho-
momorphisms. For two categories DH; and Dy, define a categorical morphism as
follows:

(5.1) F - DHy — Dyy by F(X) = (? *,5*(1)> ,
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where (X, 0, 1) is a dual hyper K-algebra and for any homomorphism f : (X,0,1) —
(Y, o', 1), we define

(5.2 F(): (Gon0M) = (5o () by FU) = 5°(7).
By Corollary 4.1, F' is well-defined and we have the next result.
Theorem 5.1. F is a functor of DHy to Dyey.
*, 0% (1 )) is a dual BOK-

Proof. For any object (X, 0,1) of DHy, by (5.1), F(X) = (5*, :

algebra and then F'(X) is an object in Dye. Now, we show that for any morphism
fi(X,0,1) = (V,0,1'), Ff is a morphism in Dy, Let §*(x),0*(y) € 5. Then, by
(52).

Ff(6%(z) % 6% (y)) =Ff(6"(z 0y)) = 0"(f(zoy))
=0"(f(@) o' f(y)) = Ff(6"(x)) = F f(0"(y))-

Hence, if g : (X,0,1) — (YV,0,1") and f : (Y,0,1') — (Z,0",1") are morphisms
in DH, then F(g) : (£,%,0°(1)) = (£,%6%(1)) by F(g) = 6*(g) and F(f) :

(577 *76*( )) (577 *76*(1”)) by F(f) 0" ( ) are morphlsms m gbck NOW

F(f)o F(g) = F(f)(F(g)) = F(f)(6"(g9)) =" (fog) = F(f o g).
Moreover, for 1: X — X, F(1) = §*(1) and then for any x € X,
F(1)(x) = 0"(1(x)) = 6*(z) = 1px(z).
Therefore, F' is a functor of DHy to Dyeg. O
Remark 5.1. If X is a dual BC' K-algebra and
B(X) ={S € Dpx| X is a fundamental dual BC K-algebra of S},
by Theorem 4.6, B(X) # 0.

Now, for DH; and Dy, and any dual BCK-algebras (X,*,1) and S = {a,b},
define a categorical morphism, as follows:

and for any dual BC K-algebra homomorphism f : (X, *,1) — (Y, %', 1) define
(5-4) U(f): Xs — Ys by U(f) = (f,1).

By Theorem 4.7, U is well defined and now, we have the next result.
Theorem 5.2. U is a faithful functor of Dy to DH.

Proof. For any object (X, *,1) of Dyer, by Theorem 4.6 and 5.3, U(X) = X is a dual
hyper K-algebra and then U(X) is an object in DHj. Now, we show that for any
morphism f: (X,0,1) — (Y, 0/, 1"),U f is a morphism in DHy. Let (z1,v1), (x2,y2) €
Xs. Now, by (5.4),

Uf((mlv yl) o ($27 y2)) :(f> 1)(('T1a yl) o’ ('TQa y2))
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=(f(x1),31) " (f(x2),92) = Uf((z1,91)) o" Uf((22,2))-
Hence, if g : (X,*,1) — (Y, «,1') and f : (Y, ', 1") — (Z,%”,1”) are morphisms in
Dyek, then U(g) : (Xs,0",1") = (Ys,0",1") by U(g) = (9,1) and U(f) : (Ys,0",1) =
(Zs,0",1) by U(f) = (f,1) are morphisms in DHy. Now,
(U(f) e Ulg))(@,y) =Uf)U(g)(z,y) = U(f)(g(x),y)
=(f(9(@)),y) = (fog, V)(z,y) = U(f o g)(z,y).
Moreover, for 1 : X — X, U(1) = (1,1) and then for any (z,y) € Xg,

U)(z,y) = (1L, 1)(z,y) = (z,y) = 1ex(z,y).

Therefore, U is a functor of Dy, to DHy. Now, let (X, *,1) and (Y *,1") be objects
in Dyer, f1,[2 + X — Y be parallel arrows of Dy and U(f; (fg) Then, for
any (z,y) € Xs, U(f1)(z,y) = U(f2)(x,y) implies that fi(z) = fz( ) and so fi = fo.
Therefore, U is a faithful functor. 0J

Theorem 5.3. On Objects of Dye, FolU = 1.

Proof. For any object (X, *,1) in Dy by Theorem 4.6, (5.1) and (5.3)
(FoU)(X,#1) = F(Xs,0,1) = <<X5501)*> > (X4, 1). O

Theorem 5.4. For functors 1, F o U : Dy, — Dy there exists a transformation
7:1—= FoU such that is natural.

Proof. For two functors 1 (identity) and F o U of Dy, to Dyer, define a map 7: 1 —
F o U as follows:

(5.5) 7:1(X) = (FoU)(X) by 7(z) = 6"(z,1).

Now, for any dual BC K-algebra homomorphism f : X — X’  consider the following
diagram:

1(X) =~ (FoU)(X)

l(f)l lFOU(f)

1(X') X~ (FoU)(X')

For any r € X by (5.4) and (5.5), we have
(FoU)(f)or)r =(FoU)f(r(r))
=(FoU)(f)(6"(z,1))
=(0"(f(2)), 1) = 7 (f ()
=7x/(1(f)z) = (TX/ o 1(f))z.

Therefore, 7: 1 — (F o U) is a natural transformation. O]
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Theorem 5.5. For two functors 1,UoF : DH,; — DH, there exists a transformation
v:1— UoF such that is natural.

Proof. For two functors 1 (identity) and U o F' of DH, to DH},, define a map v : 1 —
U o F as follows:

(5.6) v:1(X)—= (Uo F)(X) by v(z) = (6"(x),1).
Now, for morphism homomorphism f : X — X', consider the following diagram:

1(X) 2~ (Uo F)(X)
1(f)J/ onF(f)-
(X" 2 (U o F)(X)

For any r € X by (5.2) and (5.6), we have

(Uo F)(f)ov)e =(Uo F)f(uv(x) = (Uoc F)f((6"(x),1))
=(0"(f(2)), 1)
=ux(f(z)) = vx/(1(f)x) = (vx 0 1(f))z.

Therefore, v : 1 — (U o F) is a natural transformation. O

6. CONCLUSION

In the present paper, on any set, we construct a (BFE-algebra) dual BC K-algebra,
(hyper BE-algebra) dual hyper K-algebra. We introduce the notion of fundamental
(BE-algebra) dual BC K-algebra via the fundamental relation 6* and investigated
some of their useful properties. Moreover,

(i) by every nonempty set, we can construct a (hyper BFE-algebra) dual hyper K-
algebra;

(ii) by every nonempty set, we can construct a (BFE-algebra) dual BC K-algebra such
that is isomorphic to a fundamental (B FE-algebra) dual BC K-algebra;

(iii) By every nonempty set, we can construct a (B FE-algebra) dual BC K-algebra such
that is isomorphic to fundamental (BFE-algebra) dual BC K-algebra of itself;

(iv) We define functors between these categories and construct a natural transformation
between their combinations and identity functor.

In our future work, we should be get more results in (hyper BFE-algebras) dual
hyper K-algebras and its application.
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