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FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITIES
FOR FUNCTIONS WHOSE SECOND DERIVATIVE ARE
(s,r)-CONVEX IN THE SECOND SENSE

K. BOUKERRIOUA!, T. CHIHEB!, AND B. MEFTAH?

ABSTRACT. In this paper the authors introduce a new class of convex functions
called (s,r)-convex functions in the second sense and establish some new Hermite-
Hadamard type inequalities involving Riemann-Liouville integral operator.

1. INTRODUCTION

One of the most well-known inequalities in mathematics for convex functions is so
called Hermite-Hadamard integral inequality

(1.1) f<a+b>§ 1 7f(x)dx§f(a)+f(b),

2 b—a 2

where f is a real continuous convex function on the finite interval [a, b]. If the function
f is concave, then (1.1) holds in the reverse direction (see [24]).

The Hermite-Hadamard inequality play an important role in nonlinear analysis and
optimization. The above double inequality has attracted many researchers, various
generalizations, refinements, extensions and variants of (1.1) have appeared in the
literature, via classical integration and fractional calculus, we can mention the works
[2-4,6-12,14-17,19-23,25-32] and the references cited therein.

Recently, Wang et al. [29], proved the following Hermite-Hadamard’s inequalities
whose power of second derivatives are r-convex via fractional integrals.

Key words and phrases. Hermite-Hadamard inequality, convex functions, Riemann-Liouville inte-
gral operator.

2010 Mathematics Subject Classification. Primary 26D15, Secondary 26D20, 39A12.

Received: November 9, 2015.

Accepted: May 20, 2016.

172



FRACTIONAL HERMITE-HADAMARD TYPE INEQUALITIES 173

Theorem 1.1 (|29], Theorem 4.1). Let f : [0,b*] — R be a twice differentiable
mapping with b* > 0. If | f"|? (¢ > 1) is measurable and r-convez on [a,b], for some
firted 0 < r < o0 and 0 < a < b, then the following inequality holds for fractional
integrals:

fla)+f(®) Tla+1) X
‘ > oo e O+ @) < L
where
- 217;7;(" <b_ a)2 2 % " " % T %
T (l‘m) (1" @I+ 1" O)F) (m) ,

for0<r <1, and

_ (b—a) (1 _ #) " @+ 1))

r q
" 2(a+1) pa+p+1 (r—l—l) ’
forr>1;

— M . 2 % |f”(a)|q _ |f//(b)|q %
[0_2<C¥—|—1> (1 pa+p+1) (qlnlf”(a)l—qln|f”(b)]> )

for [f"(a)] # [f"(b)], and

=

Q=

(b_a’) 1" 2 %
(a+1)|f <a>|(1_pa+p+1> :
for [f"(a)] = |f"(b)|; and 5+ =1.

Theorem 1.2 (|29], Theorem 4.2). Let f : [0,b*] — R be a twice differentiable
mapping with b* > 0. If | f"|? (¢ > 1) is measurable and r-convez on [a,b], for some
fired 0 < r < oo and 0 < a < b, then the following inequality holds for fractional
integrals:

0=

<]

79

[Ja+ [ (0) + Jg f(a)]

R

‘f(a)va(b) _Pla+1)
2 2(b—a)”

where
l1—r—gqr

27 (b—
a+1

Q=

I = D (@ + 1O

1

T q

_aqr+qr+r+1+1] ’
for0<r <1, and

_ (b-a’
"o 2(a+1)

Q=

(@I + 1700 | =6 (s pa+a+1)

1
r q
aqgr+qr+r+1+1] 7
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forr >1;

(b—a)* | /" (@ = If" ()
2(a+1) | ¢ (In[f"(a)] = In|f" (b))

0:

Q|

= (ln |f” (a)‘ —1In |f” (b)‘)l_l =1 gn q i—1 ¢ q
S T T, e - o @r |
for |f"(@)] # 11" (b)], and
_ (b B a) " 2 %
==l (1- 2 s)”
for | (@] = |f"(®)]; and 4+ = 1.

In 18], Lin et al. proved the following Hermite-Hadamard’s inequalities whose
second derivatives are r-convex via fractional integrals.

Theorem 1.3 ([18|, Proposition 4.2). Let f : [a,b] — R be a twice differentiable
mapping with 0 < a < b. If |f"] is integrable and r-convex on [a,b] for some fixed
0 <r < oo, then the following inequality for fractional integrals holds

I(ae+1) g o fla)+ f(b)
2b—a) [Jo+ f (D) + L= f(a)] — — 5 | =K
where
i o |f" (@) + /") | r 1
Ky =27(b-a) a+1 {T+1_ar+2r+1_6(;+1’a+2)]7
for0<r <1,
B o /(@) +1f"®)| [ r r 1
Kr=b-a) a+1 {T—i—l_ar—i—%—i—l_5<;+1’a+2)}’
forr>1,
(=) [ ®)] | [k -1 it (In k)™ =(n k)™
=5t | m ’k|z (@t 1), _ZZI (@t 1)

forr =0, and k = [f"(a)|/| " (b)].

Theorem 1.4 (|18], Proposition 4.5). Let f : [a,b] — R be a twice differentiable
mapping with 0 < a < b. If | f"|?, ¢ > 1 is integrable and r-convezx on |a,b] for some
fixred 0 < r < oo, then the following inequality for fractional integrals holds

e e 1)+ fa) - L

a1 \O < Kr7
2(b—a)” -
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where
1y 2 -5 i
h-E s ) rereron 5]
for0O<r<1,
o= 2O [ 2D T i) ]
a+1 go+2¢—1 r+l
forr>1,

a+1 g +2¢—1 qln k|
forr =0, and k= |f"(a)|/|f"(b)]-

Motivated by the above results, in this paper we extend those results for a new
class of convexity called (s, r)-convex functions in the second sense.

2. PRELIMINARIES

In this section we recall some concepts of convexity which are well known in the
literature. Let I be an interval of R.

Definition 2.1. [24] A function f : I — R is said to be convex, if
flz+(1—-t)y) <tf(z)+(1—1) fy),
holds for all z,y € I and all ¢ € [0, 1].

Definition 2.2. [24] A positive function f : I — R is said to be logarithmically
convex, if

fltz+1=ty) <[F@)] [F)*,
holds for all z,y € I and all ¢t € [0, 1].

Definition 2.3. [5] A nonnegative function f : I C [0,00) — R is said to be s-convex
in the second sense on I, for some fixed s € (0, 1], if

[+ (1 =t)y) <tf(x)+ 1 -1)f(y),
holds for all z,y € I and ¢ € [0, 1].

Definition 2.4. [1] A positive function f : I C [0,00) — R is said to be s-
logarithmically convex function in the second sense on I for some fixed s € (0, 1],
if

fltz+ (1 —t)y) <[f@)" [F)* ",
holds for all z,y € I and ¢ € [0, 1].
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Definition 2.5. [23] A positive function f : I C [0,00) — R is said to be r-convex
on I, if

[t (x) + (1= t) fr(y)]7, it r £0,

flz+ (1 -ty < {[f(x)]lt [f(y)]t)\ : it r =0,

holds for all z,y € I and ¢ € [0, 1].

Definition 2.6. [13,14]| Let f € Li[a,b]. The Riemann-Liouville integrals J%, f and
Jit f of order o > 0 with a > 0 are defined by

N — / (c— 0" f(B)dt, x> a,

I'(a)
, b
B f@) = s [ =27 . b >
respectively, where I'(a) = [ e “*"'dt, is the Gamma function and J2, f(z) =
0

Jy-f(x) = f(x).
Lemma 2.1. [29] For a > 0 and k > 0, z > 0, we have

1

J(a,k) = / (1) ktdt = i(ln JI o0,

1 (@),

0
1 > Ink)~!
H (o k,z) = /talktdt - zakZZ% < o0,
- &)
0 =1 ?

where (o), = H;j) (a+ 7).

Lemma 2.2. [29] Let f : [a,b] — R be a twice differentiable mapping on (a,b) with
0<a<b. If feLla,bl], then the following equality for fractional integrals holds:

fla)+f()  Tlat1)

[Ja+ F(b) + Jg- f(a)]

2 C2(b—a)”
e

Also, we recall that the Euler Beta function is defined as follows

I'(2)I(y)
I'(z+y)

1

B(x,y) = /t””‘l (1—t)? " "dt =

0
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3. MAIN RESULTS

In order to prove our results, we first introduce a new concept of convexity called
(s, r)-convexity in the second sense.

Definition 3.1. A positive function f : I C [0,00) — R, is said to be (s, r)-convex
in the second sense, if

[Bf7 (@) + (1 =0 f ), i 7 £0,
tr + (1—t)y) < ; -0 '
Flred )y)_{[f(w)]t )] if r =0,
holds, for some fixed s € (0,1], ¢t € [0,1] and all z,y € I.

FExample 3.1. We define the function g as follows:

ar, if ¢ =0,

g(t) = e AL

(bt* +c)r, ift>0,

where a,b, ¢, € R and s € (0, 1] such that b > 0 and 0 < ¢ < a and r > 0.
The function g is (s, r)-convex in the second sense, because

a, ift =0,
bt* +c, ift>0,

9" () = f(t) = {

is s-convex in the second sense, for more details see [12].

Remark 3.1. Obviously Definition 3.1, recapture all definitions cited above for well-
chosen values of s and 7.

Theorem 3.1. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,
f" € L([a,b]). If |f"| is (s,r)-convex function in the second sense for some fized
s € (0,1], then the following inequality for fractional integrals with o > 0

fla)+f®) T+l o o
(3.1) LT e o)+ g )] <
where
_ C<T) (b_a)2 r? (Oz—l— 1) . f | 1" 1"
r= 2(a+1) [(s+r)(s+r(a+2)) 6<r+1’a+2)_ 177 (@l + 177 O,
forr >0,
BRI S I Ui 1tV i i1
2(+1) 77 s Wn[f7 (@) = In[f(B)] = (a+2);
- £ (a) s 00 e (ln fc’/’/((z)) 5>i1
| 2=V Tty |




178 K. BOUKERRIOUA, T. CHIHEB, AND B. MEFTAH

forr =0 and |f"(a)| # |f"(b)], and
B a(b—a)’
= et Dary ®s)

forr =0 and |f"(a)| = |f" ()|, holds for r > 0 where

)L ifr>1,
(3:2) d”_{%*,U0<r§L
SO, i 17 @170 < 1,
). i 17 (@] <1< 170,
3.3 E(a,b,s) = s o s _ . .
(3:3) @O =3 @ Lo, if 1F0)] <1< 17 (o),
@I O 1 @) )]
FOF. i@ = e <1
3.4 N(b,s) = 0 s st en Y
(34) (b:5) {u«w I @) = 1) > 1

and (a +2); = [T (@ + 2+ ).
Proof. From Lemma 2.2 and property of the modulus, we have

fla) £ 70) Tt o i 4 e pa)

2 C2(b—a)°
1
(b B &)2 @ «a "
(3.5) < 2(a+1)[ [1— (1 =) — 4] |f” (ta + (1 — t)b)] dt.
Case 1: r > 0.
Since |f"] is (s, 7)-convex in the second sense, we get
(3.6) " (ta+ (L= )] < [ 1" @] + 10" |f"®)]"
it is easy to see that
(3.7 £ tta+ (1= D8)] < ) [1 177 (@)] + (1= 0)F 17 0)]).

where ¢(r) is defined as in (3.2).
Substituting (3.7) into (3.5), we obtain
1

@—@a/ﬁ—Uf%fH—WH“ﬂ@a+u_ﬂmwt

2(a+1)
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’f// ’/ 1—t 2tatl ta+l(1_t)$:| dt
) b-a? @) s
 2(a+1) |f()|[(s+r)(s~l—r(oz—l—2)) 5(r+1’ +2>]
) b—a” |, Plakl) s
" 2(a+1) ’f()’[(s—l—r)(s—l—r(a—l—m) ﬂ( +2’r+1)1
~e(r)(b—a)’ r’ (o +1) s
B8 =D {( r)(s+r(a+2))_6<;+l’a+2>}
x [If" (@) + " ()] -
Case 2: r = 0.

Since | f”] is (s, 0)-convex, we have

(3.9) " (ta+ (1= )b)] < |f" (@) | ()"

using the fact that ¢ < ¢** and ¥ < ¥**+17% is valid for all 0 < ¢ < 1 < v and
t,s € (0,1], we get

1) (s (- onl < Bans) (EN i a2 10,

and
(3.11) |f" (ta+ (1 =0)b)| < N(b,s), if [f"(a)] = [f" ()],

where E(a,b,s) and N(b,s) are defined as in (3.3) and (3.4) respectively.
Substituting (3.10) into (3.5), we obtain

fla)j£/®) L+l
2 2(b—a)"

e (R

Jar f(0) + Jg- f(a)]

(b—a)* E(a,b, s)
SIS

_ (b— a)2 E(a,b,s)
2(a+1)

(3.12) —/(1 — )t <|,§,:/EZ)>||)% dt = /ta+1 (%)t dt] '

| —— O\»—A
—
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From Lemma 2.1, with z = 1, we get

)\t ~ (Iln /,:(Z) )
(i) -5 ’5 .

(3.13) /(1 —t)ett

1=

t s

1 ) ,
(3.14) {%”1<%%§) f, ;; (a+%i ,
and

]'(f”(a))”dt | -

o N0 in |6
- L@l - ol

TSI W @ = )
using (3.13), (3.14) and (3.15) in (3.12), we obtain

‘f(@)Jrf(b) _Ta+1)

[Ja+ F(b) + Jg- f(a)]

2(b—a)”
(b af’ | @ — O
S 2y nl@hs) Lf”(b) I |77 (a)] — ln| (D)
< (n|2@) " pape L (w] sy
(3.16) —; @tz |Po| & (—1) ety |

Now, substituting (3.11) into (3.5), we get
f(a +f b) _Tla+l) a a(b—a)’
an) [ )+ g )] < 5 2

From (3.8), (3.16) and (3.17) we obtain the desired inequality in (3.1). The proof
is complete. 0

N(b, s).

Remark 3.2. With the same assumptions of Theorem 3.1, if |f” (z)| < Ms on [a, b],
inequality (3.1) becomes

‘f(a)+f(b) _Pla+1)
2(b—a)"

(3.18) [Jar F(b) + Jg- f(a)]

<T,

where
_ e(r) (b— a)2 { r? (a+1)
(a+1) (s+7r)(s+r(a+2)

—5(§+La+2ﬂﬂb,
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for r > 0, and
« (b — CL)2 MQ

S Y P sy Py

for r = 0.

Corollary 3.1. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,
"€ L(la,b]). If | f"| is convex function, then the following inequality for fractional
integrals with o > 0, holds
fla)+f0) Tt
2 2(b—a)"
o (b )2 1 1
< + b)|] -
< e I @l o)
Corollary 3.2. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,
f" € L([a,b]). If |f"] is s-convex function in the second sense for some fized s € (0, 1],
then the following inequality for fractional integrals with o > 0, holds
f@)+f0) T+
. o b o
92 2(()_@)04 [Janf( )+Jb f(a)]
< (b—a)? [ (a+1)
T 2(a+1) [(s+1)(s+a+2)
Corollary 3.3. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,

f" € L([a,b]). If | f"| is r-convex function, then the following inequality for fractional
integrals with o > 0, holds

fla)+ )  Tla+1)

[Ja F(b) + Jg- f(a)]

(3.19)

(3.20) —ﬁ@+La+%hVW®HﬂW®M~

(321) 9 - 9 (b _ a)Oz [Jz?'*‘f(b) + Jba—f(a)] < T7
where
_ C(T> (b _ CL)2 72 (Oé + 1) " "
2@t 1) [(1—!—7“)(1—{—7“((1—%2)) 5( +1 O‘”ﬂ 77 @)+ 1701
forr >0,

f"(a)
()

a+2

)

_ (b—a)2 |f" (a)| — | f"(b )| ’ o <
~ 2(a+1) |In|f”(a)] — In|f"(b) —|f7(b |Z

=1

f"(a)
f"(b)

o0 In o
a)l Z % ;

forr =0 and [f"(a)] # [f"(b)],

_a(b—a)’|f"(b)|
I= 2(a+1)(a+2)
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forr =0 and |f"(a)] = [f"(b)].
Remark 3.3. Corollary 3.3, is similar to the Proposition 4.2 from [18].

Corollary 3.4. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,
f" € L([a,b)). If |f"] is logarithmically convex function, then the following inequality
for fractional integrals with o > 0, holds

fl@+f®) T(a+1) o
(322> 2 - 9 (b _ a)a [Ja+f(b) + Jb*f(a)] S T?
where
- | 1@l 1) ,f,,§§< 8l
2(a+1) | In]f"(a)| — In|f"(b) (o +2);

=1

f"(a)

i—1
0 n
( @)

for [f"(a)] # [f"(b)], and

~a(b—a)*|f"(b)
P = et )at2)

for [f"(a)] = 11" (0)]

Theorem 3.2. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,
" € L([a,b]), satisfying |f" (b)] > 1. If |f"|? for ¢ > 1 is (s,r)-convex function in
the second sense for some fized s € (0,1], then the following inequality for fractional
integrals holds for r >0 and o > 0

fla)+ )  Tla+1)

3.3 O D )+ s < 7
where
Tl sty (aga) @ O
. r? (a+1) (3 N .
{(s+7“)(s+7"(a—i—2)) 55+t “)} !
forr >0,

S

=“‘@2(“ fﬁ@w@am

2(a+1) \a+2
(@)

gsy\ 1—1
IO AU RN O |
T o AR M )
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[e'S) In M q5>i_1 %
" qs i—1 ( ‘f”(b)
UG B el I
forr =0 and |f"(a)| # | f"(b)|, and
a(b— a)2 1
T = (N(bvsaQ»Ll?

2(a+1)(a+2)
forr =0 and |f"(a)| = |f"(D)|, where

O, 717 @1, 170)] < 1.
o). 17 @) <1< 170,
3.24 FE a, b, S, = 1—s " qs . " "
(3:24) (@08 D=3 pr (@) | pryes o [0 <1 < 15 (a)],
F@I D O, if [ @) 0 2 1,
and
FOr. 1@ = 1) <L
. N(b - 2_s .
(329) (0:5.4) {\f”(b)\“ L @) = ) 2 1,

c(r) is defined as in (3.2) and (o +2), = H;;B (+2+7).

Proof. Using Lemma 2.2, property of the modulus and power mean inequality, we get

fla)+70) Tlat+1) o, o
9 - 9 (b _ &)a [Ja+f(b) + ‘]b—f(a’)]

b—a)? } 1 1 i
e s

0

Q=

X {/ [1— (1 =0)* = | f" (ta+ (1= t)b)|* dt]

0

(3.26) _ (b—a)’ ( N )131

2(a+1) \a+2

Q=

X {/ [1— (1 =0)** " =" (ta+ (1 t)b)th] :

Case 1: r > 0.
Since [f”|? is (s, r)-convex in the second sense, we have

(3.27) 7 (ta+ (L= 6))[" < [/ (@] + (1= ) 17" B)"]"
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the inequality (3.27) can be estimate as
(3:28)  |f"(tat (1= O0) < o) [¢7 1" @1 + (1= OF |F )]

where ¢(r) is defined as in (3.2).
Now, substituting (3.28) into (3.26), we obtain

fla)+f@) T(a+1) ., .
2 b —a)r [T f(b) + J& fla)]

< [e(r)]s (b — a)? ( N )1_3

2(a+1) \a+2

1

X [f”(a)q/ [tr —tr (1 =)t — ot ¢ at
0

1

PO [ =0 - @ -piren e 1] dt] q

0

1 (b — CL)2 o 17% " q " a1t
320 =Ll g (5) @ o)
r?(a+1) s a
% [(3—1—7“) (s+r(a+2) —ﬁ(;+1,a+2)] '
Case 2: r = 0.
Since |f"] is (s, 0)-convex, we have
(3.30) [ (la+ =) < (1F @) (e
Repeating a similar argument in Theorem 3.1, we obtain
B30 1f" ot (1= 00 < Blabsa) (TG680) i 17 @1 #1770
and
(3.32) [f" (ta+ (1= 0)D)[" < N(b,s,q) if [f"(a)] =" (D),

using (3.32) into (3.26), it yields
’f(a)Jrf(b) [la+1)
2

3y Ve 0+ I @)

;lz;ff) (a . 2) (N(b,5,9))7 .

(3.33) <
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Now, substituting (3.31) into (3.26) and using the fact that (1 —¢)" < 217" —¢n
we get

'f f) (a+ 1)
)

[Jar f(b) + T3~ f(a)]

/

f// (a)
f"(b)

Q=

IN

gs\ t
)dt

§a+1(a 2) Bl

o (| ) o aH(f”(a) ) ’
(f”b dt [t f”(b) dt
(3.34)
_ p-a) ST @I - )
RISy < 2) B0 ) | o asta [70]
< (|2 ) o (m|zery T
( )f ) _ |f//(a)|qsz(_1)z—l ( 1(b) ) '

oy
=

Making as (3.34), (3.33) and (3.29), we get the required inequality in (3.23). O

(o +2);

=1

Theorem 3.3. Let f : [a,b] — (0,00) be twice differentiable mapping with a < b,
"€ L([a,b)). If | f"|? for ¢ > 1 and % —I—% =1, is (s, r)-convex function in the second
sense for some fived s € (0,1], then the following inequality for fractional integrals
with o > 0

f@+fb) T+l . )
(3.35) ‘ 9 _Q(b—a)a [(Jos f(0) + - f(a)]| < T,
where
b0 (plat )= INT o NG
 2(a+1) (p(a+1)—|—1> [e(r)] <5—|—r> 1" (@) + [f" (D)),
forr >0,

Q=

C(b—a)? [(pla+1)—1\7
REICES) (p(a—l—l)—l—l) (E(a,b, 5,9))

forr =0 and |f" (a)| # |f" (b)|, and
C(b—a) [(pla+1)—1\7
RCICES) (p(a+1)+1) (N (b, 5,0))7

forr =0 and |f" (a)| = |f" (b)|, holds for r > 0, where c(r), E(a,b,s,q) and N(b,s,q)
are defined as in (3.2), (3.24) and (3.25) respectively.

[ @) — | @) 17
gsIn|f"(a)| —qsIn|f"(b)||

Q|
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Proof. Using Lemma 2.2, property of the modulus and Hoélder’s inequality, we get

[ 7O Tt se g0 e fa)

2 2(b—a)
< ;?a_—f)l) [[1 — (1 —t)>tt ta“]pdt] /|f” (ta+ (1 t)b)th]
< —;Zza_f)f) [ [1— (1 — ypleth) — gplatD)] gy

-1
q

X [/f” (ta+ (1 —t)b)|* dt

q

(3.36) = =% (p(O‘H)_l)p /f”(m+(1t)b)qczt] ,

2(a+1) \pla+1)+1

noting that for any t € [0,1], @ > 0 and fixed p > 1
[1— (1= )™+ — )P = [(1— (1 — £)+) — go+1]”
< [1—(1—t)H])? —pletD
<1—(1- t)p(a+1) — gplat)

where we have use the fact that for all t,n € [0,1], (1 —¢)" < 27" —¢™.

Case 1: r > 0.
Since |f"|? is (s, 7)-convex in the second sense, we have

(331 (e Q= 0n)l' < [F1 @+ Q=0 17O
and
(3.38) 7 (ta+ (1= 0D)" < efr) [#7 /@] + (1= 0)7 O]

where ¢(r) is defined as in (3.2).
Using (3.38) into (3.36), we obtain

yﬂ@;ﬂw_FW+Q¢mﬂM+ﬁﬁmn

2(b—a)
(b—a)® [pla+1)—1 > 1
IO (p(a+1>+1) el

x [/tif”(a)qdﬁ/(lt)if”(b)th]

1
q
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(3:39) =(b‘“2(p“””"1)%dmﬁ( ’ );uwmn“+uwmm3.

2(a+1) \pla+1)+1 s+
Case 2: r = 0.
Since | f"|? is (s, 0)-convex, by a similar argument to Theorem 3.2, we have
/" (a)]
f7 ()]

(3.40) \ﬂ@a+ﬂ—ﬂ@F§Ewa&®< ), it 177 (@) # 7" )],

and
(3.41) /" (ta+ (L= )b)|" < N(b,s,q), if [f"(a)]=1[f" (D),
using (3.41) into (3.36), we obtain
‘f(a)+f(b) _ Dla+1)
2

[Jar F(0) + Ty~ f(a)]

2(b—a)”
(b—a)? [pla+1)—1\¢ .
(342) = 2(a+1) (p(a+1)+1> (N (b, s,q))7

Now, substituting (3.40) into (3.36), it yields
’f(a)+f(b) [(a+1)
2

[Ja F(0) + Ty~ f(a)]

C2(b—a)
(b—a)® [pla+1)—1 > 1
5.43 < g (M) st

S S 1
o @ [0 e
gsIn[f"(a)] —gsIn|f"(D)]
From (3.43), (3.42) and (3.39), we get the desired inequality in (3.35). This completes
the proof. O

Remark 3.4. Theorem 3.3 will be reduced to Theorem 4.1 from [29] also to the
Proposition 4.5 from [18], in the case s = 1.

Theorem 3.4. Suppose that all the assumptions of Theorem 3.3 are satisfied, then
the following inequality for fractional integrals with o« > 0, holds

(3.44) LT e o)+ g )] <
where
7= R i o)

1

e e (R SIRSI-Fa)]

X[@+rﬂs+nﬂa+1»+m
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forr >0,
I PR I 1 i Ol
I= 3@y El@bsq) Lquwwqwnfww

f"(a)

_ |f//<b)|qsi <1n F77 (o) > B |f”(a)|qsi(_1)i—1 (ln

2 {qla+1)+1), 2

forr =0 and |f" (a)| # [f" (b)], and
(b—a)? L [g(a+1)—1]4
m(N(b,s,q))q {m] ,

forr =0 and |f" (a)] = |f" (b)|, where c(r), E(a,b,s,q) and N(b,s,q) are defined as
in (3.2), (3.24), and (3.25) respectively.

T —

Proof. Using Lemma 2.2, property of the modulus, and Hélder’s inequality, we get

fla)+f@®) T(a+1), ., X
2 " 2(b-a) [J&f(b) + Jp- fa)

<§%{%-/ﬁ][/p—a—w“%¢”Tf%m+a—www4

1
q

q

(3.45) < 2<1204_——s)12) [ [1 — (1 — t)q(a—H) _ tQ(a-i-l)} |f// (ta + (1 . t)b)’q dt]

Case 1: r > 0.
Since |f”|? is (s,7)-convex in the second sense, we have

(3.46) £ (ta+ (1= OB < [ 1" (@) + (0 =07 17/ B)"]
the inequality (3.46) can be reformulated as
(347) 1f (a1 - 0D < ) [1F @)+ (1 - 07 £ 0]

where ¢(r) is defined as in (3.2).
Using (3.47) into (3.45), we obtain

'f(a)Jrf(b) [(a+1)
2

- 9 (b — a)oc [Jngf(b) + ‘]l?*f(a)]

< [e(r)]e (b I)a)Q |:|f"(a)|q/ [ti B t%(l B t)q(a+1) - t§+q(a+1)] di

0
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1 :
+W%w/[awi<1tﬁﬂW”ﬁW”uwﬂw]

0

[e(r)]7 (b — a)?

(3.48) =

2(a+1)
o r’q(a+1) _3(¢ a
x{’f (@) {(sw)(swq(aﬂ)w) 85+t “)*1)}
"\ r’q(a+1) _ o s g
+170) [(s+7‘)(s+rq(a+1)+r) 5(61( +1)+1’T+I>H
et (b a)? Pglatl) s
2(a+1) [(s+r)(s+rq(oz+1)+r) B(q(a—l—l)—i—l,r—i-l)]
< (L@ + @)1
Case 2: r = 0.

Since |f”|? is (s, 0)-convex, by a similar argument to Theorem 3.3, we have
349) |f" o (1= 00 < Blabisa) (TG680) i 17 @1 #1770
and
(3.50) |f" (ta+ (L= 8)b)[* < N(b,s,q), if [f"(a)l=[f"(b)],

using (3.50) into (3.45), we obtain

‘f(a)+f(b) _Pla+1)
2

D) (b _ a)oz [J3+f(b) + ‘]l?—f(a’)]

(b—a)’
S EICEE)

<N@&@ﬁ[§a+n—13

(3.51) pPrEE ]

Now, substituting (3.49) into (3.45) using Lemma 2.1, we get

‘f(a)Jrf(b) _ Dla+1)
2 2(b—a)"

[Ja F(b) + Jg f(a)]

(b—a)’
2(a+1)

Q=

(3.52) <

@W%aw>{ " @I ~ 1" ()"

gsln|f"(a)| —gsIn|f" (b)]
00 <ln’f”(a

1" qs f(b) )7
~ 10 Z(q(a+l)+l>i

=1

N
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f"(a)

) ) - » (111 o QS>i—1 q
@ e |

(2

From (3.48), (3.51) and (3.52), we obtain the desired inequality in (3.44). This
completes the proof. O

Remark 3.5. Theorem 3.4 will be reduced to Theorem 4.2 from [29)], in the case s = 1.
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