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A NOTE ON FIXED POINT THEOREMS FOR RATIONAL
GERAGHTY CONTRACTIVE MAPPINGS IN ORDERED
b-METRIC SPACES

ZORAN KADELBURG!, STOJAN RADENOVIC?2, AND MILOJE RAJOVIC3

ABSTRACT. In this short note we prove the existence of fixed points for non-
decreasing mappings in ordered b-metric spaces. Our results improve the recent
results, established by F. Zabihi and A. Razani [Fixed point theorems for hybrid ra-
tional Geraghty contractive mappings in ordered b-metric spaces, Journal of Applied
Mathematics, Volume 2014, Article ID 929821, 9 pages|, with much more general
conditions and shorter proofs. An example is given to show the superiority of our
generalization.

1. INTRODUCTION AND PRELIMINARIES

In order to start, we first need to briefly recall some basic terms and notions as
follows.

Definition 1.1. [2,3| Let X be a (nonempty) set and s > 1 be a given real number.
A function d : X x X — [0,00) is called a b-metric on X if, for all z,y,z € X, it
satisfies

(b1) d(z,y) =0 if and only if x = y;

(02) d(z,y) = d(y, z);

(b3) d(x,2) < sld(z,y)+d(y,=2)].
In this case, the pair (X, d) is called a b-metric space or a metric type space.

Further, for more notions such as b-convergence, b-completeness, b-Cauchy sequence
in the setting of b-metric spaces, the reader is referred to [1,3-10,13,14,16-18|.

Definition 1.2. [16] A triple (X, <, d) is called a partially ordered b-metric space if

) —

(X, =) is a partially ordered set and d is a b-metric on X.
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Let (X, <) be a partially ordered set and let f be a self-map on X. We shall utilize
the following terminology [17]:

(1) elements =,y € X are called comparable if z < y or y < z holds;

(2) a subset K of X is said to be well ordered if every two elements of K are
comparable;

(3) f is called non-decreasing w.r.t. < if z <y implies fx < fy.

Definition 1.3. [6] An ordered b-metric space (X, <, d) is called regular if one of the
following conditions holds:

(rl) for any non-decreasing sequence {z,} in X such that z,, — x, as n — oo, one
has z,, <z for all n € N;

(r2) for any non-increasing sequence {y,} in X such that y, — y, as n — oo, one
has vy, = y for all n € N.

Otherwise, fixed points results in partially ordered metric spaces were firstly ob-
tained by Ran and Reurings [15] and then by Nieto and Lopez [11,12]|. Afterwards,
many authors obtained numerous interesting results in ordered metric spaces as well
as in ordered b-metric spaces (see [1,6,10,14,16]|).

Recently, in [18], the authors proved the following.

Let F denote the class of all functions 3 : [0,00) — [0, ) satisfying the following
condition:

1
(1.1) B (t,) = — as n — oo implies ¢, — 0, as n — 0.
s

Also, for arbitrary elements x,y of a b-metric spaces (X, d), denote
d(z, fz) d(y,fy)}
M (x,y :max{d ), ,
(1) (@) 1+d(fz, fy)
N (z,y) = min{d (z, fz),d(z, fy),d(y, fx),d(y, fy)}.

Theorem 1.1. [18] Let (X, <) be a partially ordered set and suppose that there exists
a b-metric d on X such that (X,d) is a complete b-metric space with s > 1. Let
f X — X be an increasing mapping with respect to =< such that there exists an
element xo € X with xo < fxg. Suppose that

(1.3) sd(fx, fy) < B (d(z,y)) M (z,y) + LN (z,y)

for all comparable elements x,y € X, where L > 0, and M and N are defined by
(1.2). If f is continuous, then f has a fixed point. Moreover, the set of fized points of
f is well ordered if and only if f has one and only one fized point.

(1.2)

Note that the continuity of f in Theorem 1.1 can be replaced by another condition.

Theorem 1.2. [18] Under the hypotheses of Theorem 1.1, without the continuity
assumption on f, assume that (X, =<, d) is reqular. Then f has a unique fized point.
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Corollary 1.1. Let (X, =) be a partially ordered set and suppose that there exists a
b-metric d on X such that (X,d) is a complete b-metric space, and let f : X — X
be an increasing mapping with respect to < such that there exists an element xo € X
with xg = fxg. Suppose that

sd(fzx, fy) < rmax {d(m,y) ,

d(z, fr) d(yvfy)}
L+d(fz, fy) |’

for all comparable elements x,y € X, where 0 < r < % If f is continuous or (X, =X, d)
1s reqular, then f has a fixed point.

Corollary 1.2. Let (X, =) be a partially ordered set and suppose that there exists a
b-metric d on X such that (X,d) is a complete b-metric space, and let f : X — X
be an increasing mapping with respect to < such that there exists an element xo € X

with xg = fxg. Suppose that
d d
sd (o f) < ad (o) + 0TI

for all comparable elements x,y € X, where a,b > 0 and 0 < a+b < % If f s
continuous or (X, =,d) is reqular, then f has a fixed point.

For proofs of the previous results the authors used in [18] the following result.

Lemma 1.1. [1] Let (X,d) be a b-metric space with parameter s, and suppose that
{z,} and {y,} are b-convergent to xz,y, respectively. Then we have

1 o .
d(w,y) < limint d (@, yn) < limsupd (2, 5,) < 52 (2,5)

n—0o0 n—o00

In particular, if x =y, then we have lim d(z,,y,) = 0. Moreover, for each z € X,
n—oo

we have
—d(z,z) <liminfd(x,,2) <limsupd (z,,z) < sd(x,z).
s

n—00 n—00
In this short note we shall use the following well-known result for the proof that
some Picard’s sequences are b-Cauchy.

Lemma 1.2. [7, Lemma 3.1| Let {x,} be a sequence in a b-metric space (X,d) with
parameter s such that

d (T, Tpi1) < M (Tp_1, Ty)
for some A\, 0 < \ < %, and each n =1,2,.... Then {x,} is a b-Cauchy sequence in
(X,d).

2. MAIN RESULTS

In our first result, we will prove that the conclusions about fixed points in the
previous results are valid under much more general assumptions than (1.1) and (1.3).
Also, we will replace using Lemma 1.1 by shorter proofs as compared to the proofs of
results in [18].
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Theorem 2.1. Let (X,=,d) be a b-complete partially ordered b-metric space with
s> 1. Let f: X — X be an increasing mapping with respect to < such that there
exists an element xo € X with vy X fxg. Suppose that

21) A(fr, fy) < M (2,9) + LN (z,).

for all comparable elements x,y € X, wheree > 1, L >0 and M and N are defined
by (1.2). If f is continuous or (X, =X,d) is a reqular b-metric space, then f has a fized
point. Moreover, the set of fized points of f is well ordered if and only if f has one
and only one fized point.

Proof. Put x,, = fx,_4 for all n € N. We can suppose that =, # x,_; for all n € N.
Since in this case rg < fxg and f is an increasing mapping, we obtain by induction
that

To<Tp =+ <Tp1 Ty < ---.
We shall prove that
d (xna anrl) S Ad (xnfla xn) 3

for all n > 1, where A € [0, %) Indeed, putting in (2.1) x = z,,_1,y = x, we obtain

1
d (xna anrl) = d (fxnfla fxn) S ;M (xnfla :L‘n) + LN (xnfla xn)

1 1
= —d (xn—lyxn) +L-0= _d(xn—la l‘n) ’
5 5¢€

_ 1 1
where A = == € [0, 5), because

d (xn—lv fxn—1> d ($n7 fxn) }
1+d(frp_, fr,)

d(zp_1,Ty) d(xn,xn+1)}
1+d(zn, Tpi1)

d n—1i» n d ny n
gmax{d(m“’””")’ . §<Z)x<f1>x H)}

= d(l’n_l,l‘n) <M (xn—lwrn) )

M (ZL’n_l, CCn) = max {d (xn—la l’n) )

= max {d (Tn_1,Tn) ,

and
N (xn—la xn) = min {d (xn—la f‘rn—l) ) d (In—h fxn> ) d (In7 f‘rn—1> ) d ('/I“Tw fxn)}
= min {d (xn—la xn) ) d (xn—la xn—&-l) ; d (.Tn, xn) ) d (.Tn, xn—&-l)}
- min {d (xn—la ‘TTL) ) d (xn—la $n+1> ) 07 d (xﬂn xn+1)} — 0

Now, Lemma 1.2 implies that {z,} is a b-Cauchy sequence, and since (X,d) is b-
complete, there exists u € X such that x,, — u when n — oc.
If the function f is continuous, we have

u= lim x,,1 = lim fx, =f ( lim $n> = fu.
n—oo n—o0 n—oo
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Using the assumption that (X, <, d) is regular, we have that x, < u. In this case
we also prove that u = fu. Indeed, if u # fu we have (because x,,, u are comparable)

(2:2) S (u, fu) < d(w,7001) + d(f, f0)

1
<d(u,xpi1) + —M (xp,u) + LN (z,,u),
Sa

where
(2.3) M (2, u) = max {d (1), (f’; J;""C(?})a;d (;f,;’;“) }
o d (l’n, xn-i—l) d (U, fu')
= max {d(mn,u) T d (2, fu) }
S max {d (wna u) ) d (l’n, $n+1> d (u? fu)}
— 0 when n — o0,
and
(2.4) N (zp,u) = min{d (z,, fr,),d(z, fu),d(u, fr,),d(u, fu)}

=min{d (x,, Tnt1),d (x, fu),d(u,zm41),d(u, fu)}
— min{0,d (x, fu),0,d (u, fu)} =0, when n — oco.

Now, letting n — oo, from (2.2), (2.3) and (2.4), we get
1
—d (u7 f’LL) < 07
s

which implies that u = fu, a contradiction.
The proof of the last statement of theorem is easy. O

Remark 2.1. Since the conditions (1.1) and (1.3) imply the condition (2.1), Theorem
2.1 generalizes the main results, Theorems 10 and 11 from [18].

Corollary 2.1. Let (X, <,d) be a b-complete partially ordered b-metric space with
s> 1. Let f: X — X be an increasing mapping with respect to < such that there
exists an element xqg € X with xo X fxg. Suppose that

r
for all comparable elements x,y € X, where ¢ > 0, r € [0, %) and L > 0. If f s
continuous or (X, =,d) is a reqular b-metric space, then f has a fixed point. Moreover,
the set of fixed points of f is well ordered if and only if f has one and only one fixed
point.

Proof. Since = < = € [0, 1) thus the proof follows from Theorem 2.1. O
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Corollary 2.2. Let (X, =<,d) be a b-complete partially ordered b-metric space with
s> 1. Let f: X — X be an increasing mapping with respect to < such that there
exists an element xo € X with vy X fxg. Suppose that

d(fz, fy) < M ()

for all comparable elements z,y € X, where e > 0 and r € [0, %) If f is continuous
or (X, X,d) is a reqular b-metric space, then f has a fized point. Moreover, the set of
fixed points of f is well ordered if and only if f has one and only one fized point.

Corollary 2.3. Let (X, <,d) be a b-complete partially ordered b-metric space with
s> 1. Let f: X — X be an increasing mapping with respect to < such that there
exists an element xo € X with vy < fxg. Suppose that
a b d(z, fx)d(y, fy)
d(fx, < —d(x,y) + —
(fz, fy) < —d(z,y) + = T+ d(fz, [4)

for all comparable elements x,y € X, where e >0, a,b >0 and a +b € [0, %) If f s
continuous or (X, =,d) is a reqular b-metric space, then f has a fixed point. Moreover,
the set of fixed points of [ is well ordered if and only if f has one and only one fixed
point.

Proof. Since

a bd(z, fe)d(y,fy) a+b
(2.5) ;d(az,y)—l—; T+ d(fz. fy) < e max{d(a:,y),

then from (2.5) it follows

d(z, fx)d(y, fy) }
L+d(fz, fy) |’

r d(z, fr)d(y, [y) r
d < — d =—M
(f, fy) < maX{ (@), = 17z 1) =M (zy)
where r = a + b. Hence, all the conditions of Corollary 2.2 hold and therefore f has a
fixed point. ([l

In the next example, we show that there are situations when our results can be
used for obtaining conclusions about fixed points, while the results of the paper [18§]
cannot.

Ezxample 2.1. Let X = NU {oo} and let d : X x X — R be defined by

0, if m=n,
d(m,n) = |- — L], if one of m, n is even and the other is even or oo,
7 9, if one of m, n is odd and the other is odd (and m # n) or oo,
2, otherwise.

Then, (X, d) is a b-metric space with s = 5/2 (see [6]).
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Consider the b-metric space (X, d), ordered by natural ordering (it is clear that it
is regular), and the mapping f : X — X given as

o {4n, if neN,

oo, if n=oo.

. o 3 12\ (1)
Obviously, f is increasing. Take ¢ = 5 (>1)and L =0. Then 1 < R =(-1.
s

In order to check the contractive condition (2.1) of Theorem 2.1, consider the following
cases.

1 1
1) z,y are even numbers. Then fz = 4z, fy =4y, d(z,y) = ‘5 — ;‘, d(fz, fy) =
111 1
Z_l ;—g s hence
111 1 1\° 1\°
aagn == < (3) e < (1) Mo

2) x,y are odd numbers (and = # y). Then fr = 4z, fy = 4y, d(z,y) = 5,

111
d(fxvfy)zz E——,hence
11 1 1\° 1\°
=_|Z_—Zl<(Z <|-| M .
dagn =1 |s -3 < (3) dea < (3) Mo
3) x,y are natural numbers of different parity. Then d(z,y) = 2, d(fz, fy) =
1]1 1
Z_l E—;,henee
11 1 1\° 1\°
d =—|-—=|<(-) d <(=) M .
ot =153 < (3) dean < (3) wrte)
. 1 1
4) x is even, y = co. Then d(x,y)z;, d(fx,fy)zﬂ,hence
dtfactn) =+ < (L) deww) < (2) My
$ay_4x_ S r,Yy) > S r,Y)

1
5) x is odd and y = co. Then d(z,y) =5, d(fz, fy) = o hence
x

d(fz, fy) = ﬁ < (l)ed(ﬂf,y) < G)EM(w,y)

S

Hence, all the conditions of Theorem 2.1 are satisfied. Obviously, f has a (unique)
fixed point co.
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On the other hand, consider the condition (1.3) of Theorem 1.1. When z,y are
even numbers, it reduces to
o

1 1 ‘
In particular, for z = 10, y = 40 we get that

5 3 3\ 3 2
22 (). 2. 2.2
3 40—5(40) w0 T E 05 1

) i 5 Lo e
whatever function g and L > 0 are chosen, i.e., — < —, which is a contradiction.

Hence, Theorem 1.1 cannot be used to conclude about the existence of a fixed point.
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