
203

Kragujevac J. Math. 29 (2006) 203–213.

ISHIKAWA ITERATIVE SEQUENCE FOR THE

GENERALIZED LIPSCHITZIAN AND Φ-STRONGLY

ACCRETIVE MAPPINGS IN BANACH SPACES1

Xue Zhiqun1 and Wang Zhiming2

1Department of Mathematics, Shijiazhuang Railway Institute,
Shijiazhuang 050043 P. R. China
(e-mail: xuezhiqun@126.com)

2Basic Department, Tangshan University, Tangshan 063000 P.R.China
(e-mail: wangzhiming.wzm@163.com)

(Received Jun 15, 2005)

Abstract. Let E be a real uniformly smooth Banach space, T : E → E be a generalized
Lipschitzian and Φ-strongly accretive mapping. It is shown that under suitable conditions
the Ishikawa iterative process converges strongly to the unique solution of the equation
Tx = f . A related result deals with approximation of the unique fixed point of a generalized
Lipschitzian and Φ-strongly pseudo-contractive mapping.

1. INTRODUCTION

Let E be real Banach space and E∗ be the dual space on E. The normalized

duality mapping J : E → 2E∗ is defined by

Jx = {f ∈ E∗ :< x, f >= ||x|| · ||f || = ||f ||2} (1)

1The author was supported by the National Science Foundation of China and Shijiazhuang Rail-
way Institute Sciences Foundation.
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for all x ∈ E, where < ·, · > denotes the generalized duality pairing. It is well known

that if E is an uniformly smooth Banach space, then J is single-valued and such

that J(−x) = −J(x), J(tx) = tJ(x) for all x ∈ E and t ≥ 0; and J is uniformly

continuous on any bounded subset of E. In the sequel we shall denote single-valued

normalized duality mapping by j. By means of the normalized duality mapping J .

In the following we give some concepts.

Definition 1.1. A mapping T with domain D(T ) and range R(T ) in E is said

to be strongly accretive if for any x, y ∈ D(T ), there exist a constant k ∈ (0, 1) and

j(x− y) ∈ J(x− y) such that

< Tx− Ty, j(x− y) >≥ k‖x− y‖2. (2)

The mapping T is called Φ-strongly accretive if there exists a strictly increasing func-

tion Φ : [0,∞) → [0,∞) with Φ(0) = 0 such that the inequality

< Tx− Ty, j(x− y) >≥ Φ(‖x− y‖)‖x− y‖ (3)

holds for all x, y ∈ D(T ). It is well known that the class of strongly accretive mappings

is a proper subclass of the class of Φ-strongly accretive mappings(see [1]). On the

other hand, closely related to the class of accretive type mappings are those of pseudo-

contractive mappings.

Definition 1.2. A mapping T : D(T ) ⊂ E → E is called strongly pseudo-

contractive if and only if (I−T ) is strongly accretive, and is called Φ-strongly pseudo-

contractive if and only if (I −T ) is Φ-strongly accretive, where I denotes the identity

mapping on E.

The classes of mappings introduced above have been studied by several authors.

In [2], Chidume proved that if E = Lp(or lp), p ≥ 2, K is a nonempty closed convex

and bounded subset of E and T : K → K is a Lipschitz strongly pseudocontractive

mapping, then Mann iteration process converges strongly to the unique fixed point

of T . In [3], Deng extended the above result to the Ishikawa iteration process. After

Tan and Xu [4] extended the results of both Chidume [2] and Deng [3] to q-uniformly



205

smooth Banach spaces(1 < q < 2). Recently, Osilike [1] proved that if q > 1, E is real

q-uniformly smooth Banach space and T : E → E is a Lipschitz Φ-strongly accretive

mapping and equation Tx = f has a solution, then both the Mann and Ishikawa

iteration sequence converges strongly to the solution. It is our purpose in this paper

to generalize and extend the results of [1] from Lipschitz mapping to generalized

Lipschitzian, from q-uniformly smooth to uniformly smooth.

For this purpose, we need to introduce the following concept and some related

Lemmas:

Definition 1.3. [8] A mapping T : D(T ) ⊂ E → E is called a generalized Lips-

chitzian if there exists a constant C > 0 such that

‖Tx− Ty‖ ≤ C(1 + ‖x− y‖) (4)

holds for all x, y ∈ D(T ). Clearly, every Lipschitz mapping is a generalized Lip-

schitzian, and every mapping with a bounded range too. Conversely, in general, a

generalized Lipschitzian mapping neither is Lipschitzian nor the bounded range.(see,

for example[8])

Lemma 1. 4. [7] Let E be a real Banach space, then there exists j(x+y) ∈ J(x+y)

such that

‖x + y‖2 ≤ ‖x‖2 + 2 < y, j(x + y) > (5)

for any x, y ∈ E.

Lemma 1.5. Let E be a real Banach space, T : E → E be continuous Φ-strongly

pseudo-contractive mapping with Φ(t) → +∞ as t → +∞. Then, for any given

f ∈ E, the equation x = f + Tx has the unique solution in E.

Proof. We choose a positive real number sequence {tn}∞n=0 with tn → 0 as n →∞.

Define an operator sequence {Tn}∞n=0, where Tn : E → E by Tnx = tnx + x− Tx, for

any n ≥ 0 and x ∈ E, then Tn must be continuous strongly accretive mapping in E

for any n ≥ 0. Thus, for any f ∈ E, the equation Tnx = f has the unique solution,

denote yn, i.e. tnyn + yn − Tyn = f , where n = 0, 1, 2, . . .. It yields that

tnyn − t0y0 + yn − y0 + Ty0 − Tyn = 0
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so that

< tnyn − t0y0 + (I − T )yn − (I − T )y0, j(yn − y0) >= 0,

which implies that

< (I − T )yn − (I − T )y0, j(yn − y0) >= −tn‖yn − y0‖2− < tny0 − t0y0, j(yn − y0) > .

Since (I − T ) is Φ-strongly accretive mapping, then we have

‖yn − y0‖Φ(‖yn − y0‖) ≤ −tn‖yn − y0‖2− < tny0 − t0y0, j(yn − y0) >

≤ − < tny0 − t0y0, j(yn − y0) >

≤ |tn − t0| · ‖y0‖ · ‖yn − y0‖,

and this implies that

Φ(‖yn − y0‖) ≤ |tn − t0| · ‖y0‖,
i.e.

(‖yn − y0‖) ≤ Φ−1(|tn − t0| · ‖y0‖).
Since tn → 0 as n → ∞, it is easily seen that {yn}∞n=0 is bounded. Therefore

yn − Tyn → f as n → ∞. Since (I − T ) is Φ-strongly accretive mapping, we obtain

that

‖(yn − Tyn)− (ym − Tym)‖ · ‖yn − ym‖ ≥ < (I − T )yn − (I − T )ym, j(yn − ym) >

≥ Φ(‖yn − ym‖) · ‖yn − ym‖,

i.e. ‖(yn − Tyn)− (ym − Tym)‖ ≥ Φ(‖yn − ym‖), then {yn}∞n=0 is a Cauchy sequence,

there exists y ∈ E such that yn → y as n →∞. By using continuous of T such that

y = f + Ty. About uniqueness of solution, we may get it by applying definition of

Φ-strongly accretive mapping. The proof Lemma is completed. 2

Remark 1.6. In Lemma 1.5, if f = 0, then the mapping T has the unique fixed

point.

Remark 1.7. In Lemma1.5, suppose T : E → E is a continuous Φ-strongly

accretive mapping, then the equation Tx = f has unique solution in E.
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2. MAIN RESULTS

Now we prove the main the results of this paper, In the sequel, we always assume

that E is a uniformly smooth real Banach space.

Theorem 2.1. Let E be a real uniformly smooth Banach space, and T : E → E is

a continuous and generalized Lipschitzian Φ-strongly accretive mapping with Φ(t) →
+∞ as t → +∞. Let {αn}∞n=0and {βn}∞n=0 be two real sequences in [0, 1] satisfying

the following conditions: (i) αn, βn → 0 as n → ∞; (ii)
∞∑

n=0
αn = ∞. For any given

f ∈ E, define a mapping S : E → E by Sx = x−Tx+f , for all x ∈ E. The Ishikawa

iterative sequence {xn}∞n=0 generated from an arbitrary x0 ∈ E by (IS)





yn = (1− βn)xn + βnSxn, n ≥ 0,

xn+1 = (1− αn)xn + αnSyn, n ≥ 0.
(6)

Then the sequence {xn}∞n=0 converges strongly to the unique solution of the equation

Tx = f .

Proof. By Remark 1.7, we know that the equation Tx = f has the unique solution

in E, set q. Since T is generalized Lipschitzian Φ-strongly accretive mapping, then

for any x, y ∈ E such that the following inequalities hold:

‖Sx− Sy‖ ≤ L(1 + ‖x− y‖), (7)

and

< Sx− Sy, J(x− y) >≤ ‖x− y‖2 − Φ(‖x− y‖)‖x− y‖. (8)

Set An = ‖J( xn+1−q
1+‖xn−q‖) − J( yn−q

1+‖xn−q‖)‖, Bn = ‖J( yn−q
1+‖xn−q‖) − J( xn−q

1+‖xn−q‖)‖. Observe

that ‖xn+1−q‖
1+‖xn−q‖ ≤ 1 + 2L + 2L2, ‖xn−q‖

1+‖xn−q‖ ≤ 1 and ‖yn−q‖
1+‖xn−q‖ ≤ 1 + 2L. It is easily

obtained that, in view of the uniform continuity of J on any bounded subset of E,
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An, Bn → 0 as n →∞. Using Lemma 1.4, (7) and (8), we computer as follows:

‖xn+1 − q‖2

= ‖(1− αn)(xn − q) + αn(Syn − Sq)‖2

≤ (1− αn)2‖xn − q‖2 + 2αn < Syn − Sq, J(xn+1 − q) >

≤ (1− αn)2‖xn − q‖2 + 2αn < Syn − Sq, J(yn − q) >

+2αn < Syn − Sq, J(xn+1 − q)− J(yn − q) >

≤ (1− αn)2‖xn − q‖2 + 2αn(‖yn − q‖2 − Φ(‖yn − q‖)‖yn − q‖)
+2αn < Syn − Sq, J( xn+1−q

1+‖xn−q‖)− J( yn−q
1+‖xn−q‖‖) > (1 + ‖xn − q‖)

≤ (1− αn)2‖xn − q‖2 + 2αn(‖yn − q‖2 − Φ(‖yn − q‖)‖yn − q‖)
+2αnAnL(1 + ‖yn − q‖)(1 + ‖xn − q‖).

(9)

Furthermore, observe that

2αnAnL(1 + ‖yn − q‖)(1 + ‖xn − q‖)
≤ 2αnAnL(1 + βnL)(1 + ‖xn − q‖)2

≤ 2αnAnL(1 + βnL)(1 + ‖xn − q‖2).

(10)

Again using Lemma 1.4, (7) and (8), we obtain

‖yn − q‖2

≤ (1− βn)2‖xn − q‖2 + 2βn < Sxn − Sq, J(yn − q) >

≤ (1− βn)2‖xn − q‖2 + 2βn < Sxn − Sq, J(yn − q)− J(xn − q) >

+2βn < Sxn − Sq, J(xn − q) >

≤ (1− βn)2‖xn − q‖2 + 2βn < Sxn − Sq, J( yn−q
1+‖xn−q‖)− J( xn−q

1+‖xn−q‖‖) >

×(1 + ‖xn − q‖) + 2βn(‖xn − q‖2 − Φ(‖xn − q‖)‖xn − q‖)
≤ (1 + β2

n)‖xn − q‖2 + 2βnL(1 + ‖xn − q‖)Bn(1 + ‖xn − q‖)
−2βnΦ(‖xn − q‖)‖xn − q‖)

≤ (1 + β2
n)‖xn − q‖2 + 4βnBnL(1 + ‖xn − q‖2)

−2βnΦ(‖xn − q‖)‖xn − q‖
≤ (1 + β2

n + 4LβnBn)‖xn − q‖2

+4LβnBn − 2βnΦ(‖xn − q‖)‖xn − q‖.

(11)
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Substituting (10) and (11) into (9) yields that

‖xn+1 − q‖2

≤ (1− αn)2‖xn − q‖2 + 2αn((1 + β2
n + 4LβnBn)‖xn − q‖2

+4LβnBn − 2βnΦ(‖xn − q‖)‖xn − q‖ − Φ(‖yn − q‖)‖yn − q‖)
+2αnAnL(1 + βnL)(1 + ‖xn − q‖2)

≤ (1 + α2
n + 2αnβ2

n + 8LαnβnBn + 2αnAnL(1 + βnL))‖xn − q‖2

+2αnAnL(1 + βnL) + 8LαnβnBn − 2αnΦ(‖yn − q‖)‖yn − q‖)
≤ ‖xn − q‖2 + 2αnCn‖xn − q‖2 + 2αn(Dn − Φ(‖yn − q‖)‖yn − q‖)

(12)

where Cn = αn+β2
n+4LβnBn+AnL(1+βnL), Dn = AnL(1+βnL)+4LβnBn. Base on

(8), we have < x−Sx, J(x−q) >≥ Φ(‖x−q‖)‖x−q‖, ∀x ∈ E, thus ‖x−Sx‖·‖x−q‖ ≥
Φ(‖x− q‖)‖x− q‖. Hence Φ(‖x− q‖) ≤ ‖x−Sx‖. At this point, we may choose any

x0 ∈ E such that ‖x0 − Sx0‖ 6= 0, i.e. x0 6= q.(Ifx0 = q, then conclusion of Theorem

is obvious.) so we obtain ‖x0 − q‖ ≤ Φ−1(‖x0 − Sx0‖). Since αn, βn → 0 as n →∞,

then there exists an integer N such that αn < Φ−1(‖x0−Sx0‖)
2(1+L+L2)Φ−1(‖x0−Sx0‖)+L(1+L)

, βn <

Φ−1(‖x0−Sx0‖)
2((1+L)Φ−1(‖x0−Sx0‖)+L)

, Cn(2Φ−1(‖x0 − Sx0‖))2 + Dn <
Φ(

Φ−1(‖x0−Sx0‖)
2

)Φ−1(‖x0−Sx0‖)
4

.

for all n ≥ N . Suppose ‖xN − q‖ ≤ 2Φ−1(‖x0 − Sx0‖),by the mathe induction, we

want to show ‖xN+1 − q‖ ≤ 2Φ−1(‖x0 − Sx0‖). If not, we assume that ‖xN+1 − q‖ >

2Φ−1(‖x0 − Sx0‖).
Using (6) and the above formule, we obtain the following inequalities

‖xN − SyN‖
= ‖xN − q + Sq − SyN‖
≤ ‖xN − q‖+ L(1 + ‖yN − q‖)
≤ 2Φ−1(‖x0 − Sx0‖) + L(1− βN + βNL)‖xN − q‖+ L(1 + βNL)

≤ 2(1 + L + L2)Φ−1(‖x0 − Sx0‖) + L(1 + L),

(13)

and get also

‖xN − q‖ ≥ (1− αN)‖xN − q‖
≥ ‖xN+1 − q‖ − αN‖xN − SyN‖
≥ 2Φ−1(‖x0 − Sx0‖)

−αN(2(1 + L + L2)Φ−1(‖x0 − Sx0‖) + L(1 + L))

≥ Φ−1(‖x0 − Sx0‖),

(14)
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‖yN − q‖ ≥ (1− βN)‖xN − q‖ − βNL(1 + ‖xN − q‖)
= (1− βN − βNL)‖xN − q‖ − βNL

≥ Φ−1(‖x0−Tx0‖)
2

.

(15)

Thus Φ(‖yN − q‖)‖yN − q‖ ≥ Φ(Φ−1(‖x0−Tx0‖)
2

)Φ−1(‖x0−Tx0‖)
2

. Using (12) and above

formula, we have

‖xN+1 − q‖2 ≤ ‖xN − q‖2 + 2αN(CN‖xN − q‖2 + DN − Φ(‖yN − q‖)‖yN − q‖)
≤ ‖xN − q‖2 − αNΦ(

Φ−1(‖x0 − Tx0‖)
2

)
Φ−1(‖x0 − Tx0‖)

2
≤ ‖xN − q‖2 ≤ (2Φ−1(‖x0 − Tx0‖))2

contradicting with assumption. Hence ‖xN+1−q‖ ≤ 2Φ−1(‖x0−Tx0‖) holds, {‖xn − q‖}∞n=0

is bounded, so that {‖yn − q‖}∞n=0 is also bounded. Set W = sup {‖xn − q‖+ ‖yn − q‖},
En = CnW

2 + Dn. Then,

‖xn+1 − q‖2

≤ ‖xn − q‖2 + 2αn(En − Φ(‖yn − q‖)‖yn − q‖)
= ‖xn − q‖2 + αn(2En − Φ(‖yn − q‖)‖yn − q‖)− αnΦ(‖yn − q‖)‖yn − q‖).

(16)

Hence, lim
n→∞ inf ‖yn − q‖ = 0 holds. Suppose this is not true. Let lim

n→∞ inf ‖yn − q‖ =

2δ > 0. Then there exists an integer N1 such that ‖yn − q‖ ≥ δ, for all n ≥ N1, i.e,

Φ(‖yn−q‖)‖yn−q‖ ≥ Φ(δ)δ. Since En → 0(n →∞), there exists an integer N2 > N1

such that En ≤ Φ(δ)δ for all n ≥ N2, thus En ≤ Φ(‖yn − q‖)‖yn − q‖. Hence, for all

n ≥ N2, we obtain that

‖xn+1 − q‖2 ≤ ‖xn − q‖2 − αnΦ(‖yn − q‖)‖yn − q‖)
≤ ‖xn − q‖2 − αnΦ(δ)δ,

which implies that

Φ(δ)δ
∞∑

n=N2

αn ≤ ‖xN2 − q‖2 < ∞

which is a contradiction and so δ = 0. Consequently, there exists a subsequence
{
ynj

− q
}∞

j=0
of {yn − q}∞n=0 such that lim

j→∞
‖ynj

−q‖ = 0, and so there exists an infinite

subsequence
{
xnj

− q
}∞

j=0
such that lim

j→∞
‖xnj

− q‖ = 0. Let ε > 0 be any given, ∃j0
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such that, for all nj > nj0 , ‖xnj
− q‖ < ε, αnj

(LW +L) < ε
4
, βnj

< ε
4(W+LW+L)

. Again

choose an integer N0 ≥ nj0 such that En < Φ( ε
2
) ε

4
for all n > N0. By induction, we

want to prove‖xnj+m − q‖ < ε, for all ∀m ≥ 1. We first prove that ‖xnj+1 − q‖ < ε.

Suppose this is not ture. Then ∃nj1 > nj0 , such that ‖xnj1
+1 − q‖ ≥ ε. Using (6), we

have

‖xnj1
+1 − q‖ ≤ (1− αnj1

)‖xnj1
− q‖+ αnj1

‖Synj1
− Sq‖

≤ (1− αnj1
)‖xnj1

− q‖+ αnj1
(L‖ynj1

− q‖+ L)

≤ ‖xnj1
− q‖+ αnj1

(LW + L)

≤ ‖xnj1
− q‖+

ε

4

thus ‖xnj1
− q‖ > ‖xnj1

+1 − q‖ − ε
4
≥ 3ε

4
. By (6), we obtain

‖ynj1
− q‖ ≥ (1− βnj1

)‖xnj1
− q‖ − βnj1

(L‖xnj1
− q‖+ L)

= ‖xnj1
− q‖ − (βnj1

+ βnj1
L)‖xnj1

− q‖ − βnj1
L

>
3ε

4
− (βnj1

+ βnj1
L)W − βnj1

L

>
ε

2
.

Thus, Φ(‖ynj1
− q‖)‖ynj1

− q‖ > Φ( ε
2
) ε

2
. Applying (16) and the above form, we obtain

ε2 ≤ ‖xnj1
+1 − q‖2

≤ ‖xnj1
− q‖2 + 2αnj1

(Enj1
− Φ(‖ynj1

− q‖)‖ynj1
− q‖)

< ε2 + 2αnj1
(Φ(

ε

2
)
ε

4
− Φ(

ε

2
)
ε

2
)

= ε2 − αnj1
Φ(

ε

2
)
ε

2
≤ ε2

contradiction. Hence the conclusion holds for m = 1. Assume now it holds for m.

Following the above argument, we easily proves that it holds for m + 1. This shows

that {xn}∞n=0 converges strongly to q as n →∞, completing proof of Theorem 2.1.2

Theorem 2.2. Let E be a real uniformly smooth Banach space, and T : E → E

is a continuous and generalized Lipschitzian Φ-strongly pseudo-contractive mapping
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with Φ(t) → +∞ as t → +∞. Let {αn}∞n=0 and {βn}∞n=0 be two real sequences in

[0, 1] satisfying the following conditions: (i) αn, βn → 0 as n →∞; (ii)
∞∑

n=0
αn = ∞.

The Ishikawa iterative sequence {xn}∞n=0 generated from an arbitrary x0 ∈ E by (IS)





yn = (1− βn)xn + βnTxn, n ≥ 0,

xn+1 = (1− αn)xn + αnTyn, n ≥ 0.
(17)

Then the sequence {xn}∞n=0 converges strongly to the unique fixed point of T .

Proof. Using Lemma 1.5, we know that the mapping T has unique fixed point,

let q denote the fixed point. Since T is a continuous and generalized Lipschitzian

Φ-strongly pseudo-contractive mapping, then the conclusion of Theorem 2.2 follows

exactly from Theorem 2.1. This completes the proof. 2
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