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Abstract. R. Miron and Gh. Atanasiu studied the geometry of Osc*M. Among many
various problems which was solved, they introduced the adapted basis, the d-connection
and gave its curvature theory. Different structures as almost product structure, metric
structure was determined and the spray theory was given.

Here the attention on E = Osc3>M will be restricted. In Osc®M the Liouville vector
fields have important role at definition of almost contact structure J and using J and
the Liouville vector fields the sprays are defined. The geodesic lines are integral curves of
sprays. The Zermello’s conditions which give the independence of the integral of action
from the parametrization of the curve are also expressed by the Liouville vector fields.

Almost all the results obtained here can be found in Miron’s book [19], [20], even for
the space Osc® M, but here the transformation group is slightly different and the methods
of some proofs are new.
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1 Adapted basis in T(Osc?M) and T*(Osc*M)

Let E = Osc®>M be a 4n dimensional C* manifold. In some local chart (U, ) some point
u € E has coordinates

9

3a) Oa yla 3a) aa)

(%, ¥ y* y*) = (y YY) = (y

where 2 = y% and
a,be,dye,...=1,2,...,n, «,B3,v,0K,...=0,1,2,3.

If in some other chart (U’, ") the point u € F has coordinates (m“/,ylal,yQ“/,yB‘l/), then
in U NU’ the allowable coordinate transformation are given by:

(a) =¥ =a2% (', 2% ... 2" (1.1)

’ 81'[1/ 8y0al
b la’ _ la _ 1

a

Some nice example of the space E can be obtained if the points (%) € M (dimM = n)
are considered as the points of the curve z% = x%(t) and y**, a = 1,2, 3, are defined by

la dz® 20 d2$a B dyla 3a d3l‘a _ dyQa

Y T T a0 Y T Al T a

M is the base manifold and (z%) € M is the projection of (z%, y'%, y?*,43?) € E on M.
In [15], [16] y*¢ = L 42% o =1,...,k and the transformations (1.1) have different form.

al dt>

If in U N U’ the equation

/ ’

g% = 2% (2 (t), 23(2),. .., (z"(t))

is valid, then it is easy to see that

’

o dz® /

la 7 yla (ma7 yla)7 (1_2)
’ d la/ ’

207 = Z(/it = y2a (xa’y1a7y2a)’
o dy? /

= = y3a (xa’ y1a7y2a7y3a)7

dt
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satisfy (1.1b), (1.1c) and (1.1d) respectively and the explicite form of (1.1) is the following:

¥ =¥ (2, 2%, .. 2" (1.3)
yla’ _ dz® yla
dxe”
y2a’ _ >t 1ay1b+ Oz y2a
Or2dzb dxe” 7
37 = 9’x* ylaylbyle 1 3 0%z ylay? ¢ 9z 34
Oz2dzbdze Ox2dzb Dz

Theorem 1.1 The transformations determined by (1.1) form a pseudogroup.

With determination of the group of allowable coordinate transformations the first step
to construction of some geometry is made. The second important step is the construction of
the adapted basis in T'(E), which depends on the choice of the coefficients of the nonlinear
connections, here denoted by N and M.

The following abbreviations

0 0 0
8aa: W’ 0421,2,3, and 8(1:80@:% = ayoa
will be used. From (1.3) it follows
b 0a’ __ P la’ __ P! 2a’ __ p) 3a’ __ Oz _ Aa’ 1.4
0aY = O1ay = 02¢Y =03y = opa v ( . )
dAY w 1o ey 12 .. %, /
= a a — 78 @ — 778 ¢ - _— = Ba
dt 0alY 9 1lalY 23 2aY 6xa8xby a>
ng’l ’ 1 ’ 83xa, 82517(1/ ’
=9 2a" _ ) 3a" _ 1b, 1c 26 _ ce
dt 0a¥ 30tad dradzboze” Y + Dzadzb” @’
dc? : :
dta = 80ay3a = Dg .
The natural basis B of T(E) is
B = {800“ 81(17 820,783(1} = {8041} (15>

The elements of B with respect to (1.1) are not transformed as d-tensors. They satisfy
the following relations:

o = (30a¥" )00 + (00ay" )01+ (00ay°* )02 +  (0ay>®)Osar
Ola = (alayla/)ala’ + (alay2a/)62a’ + (alaysa/)a?)a/ (1 6)
a2a - (82ay2“/ )82a’ + (BQaysal )6311’

33(1 = (aSay?’a/)aSa’ .
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The natural basis B* of T*(E) is

B* = {da®, dy'®, dy**, dy**} = {dy®*}. (1.7)
The elements of B* with respect to (1.1) are transformed in the following way (see
(1.2)):
a _ Ox o 0a’ Oa
dx D dz® < dy® = (0pay® )dy (1.8)

(aoayla )dyOQ + (alayla’)dyla
= (Boay®)dy ™ + (D10 )dy'® + (92 y Yy
= (Qoat®)dy** + (61ay3“ )y 4 (020> )dy?® + (330> )dy>e.

The adapted basis B* of T*(E) is given by:
B* = {8y, 0y'", 6%, 6y*"}, (1.9)
where

590" = da® = dy®® (1.10)
6y1a _ dyla + MolfdyOb

6y2a dyQa + M dylb 2ady0b

Sy** = dy®* + Mg dy® + Migdy'® + Mgy dy™.

Theorem 1.2 The necessary and sufficient conditions that dy®® are transformed as d-
tensor field, i.e.

5aa—aa5 a=0,1,2,3
y 8 a y ) - b ) ) )
are the following equations:
(a) Miforay™ = Mg dooy™ + Oopy™™ (1.11)

(b) Mdaay ™ = M Oy + duy™

(c) M Daay” = M&g’aObyOC’ + Mg Dony™® + Dony™®

(d) M3s° = M5 o> + 321;3/

(e) M?éla?says = Mlc’ Dyt + M. B ¢ Ony*® + 31by

(f) M30say>" = M3% dopy® + MY dopy™ + M3% dopy® + Oovy™
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From (1.11) and (1.4) it follows that (1.11) is a system in which equations of second,
third and fourth order appeared, so there are infinity functions

Mg = Mg (z,y"), M3 = M (z,y"), Msg = Mag(z,y"), (1.12)
M2 = M2z, y,y%), MY = Mg (x,y',?),
Mg = Mg (z, y", v%, v°),

which are the solutions of (1.11). From the choise of M depends the adapted basis B*

((1.9)).
Let us denote the adapted basis of T'(E) by B, where

B = {50(17 51(1752(1753(1} = {504(1}7 (113)
and
Soa = Ooa — N0 — NGbow — Nlos,
01 = da — NEOw — Ny,
52a = a2a - Ng)gai‘lb (114)
53(1 = 8311-

Theorem 1.3 The necessary and sufficient conditions that B ((1.13)) be dual to B*
((1.9)), (when B ((1.5)) is dual to B* ((1.7)) i.e.

< Gnady®t >= P80
are the following relations:
Nog = My, (1.15)
2b 2b 2b
NOa - MOa - Mlch)lg
3b 3b 3b 3b A72
NOa - MOa_Ml N(}g_MQCN()g

C

26 2b
Nla - Mla

36 __ 3b 3b aT2¢
Nla - Mla _MQCNla

3b 3b
N2a - M?a'

Theorem 1.4 The necessary and sufficient conditions that dnq with respect to (1.1) are
transformed as d-tensors, i.e.
oz’

0 ’:7504(17 = 71727 ) 1.1
it = rboar 0 =0,1,2,3 (1.16)
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are the following formulae:

Nobdoay™ = Nocorey" — doay™” (1.17)
NEY 30ay™™ = NEeooey® + NoSorey® — doay®

N B0ay™ = Niedsey™ + Ngedoey™ + Nocorey™ — o™

NZ o1yt = NEGy? — 010y

N 01ay™™ = NiOsey™ + Nisohey™ — 01ay™

N3E 02a1® = N3bOsy™ — Ooay™'.

From (1.13) and (1.14) it follows

030 = 034 (1.18)
Ooq = 02q + MiL63p

Ora = O1q + MP6gy + M35,

Doa = O0a + MaL81y + M6oy, + M5y,

2 The adapted basis which is conprehensive
with J, Liouville vector fields

It is obvious that the introduced transformation group given by (1.1) instead of that
introduced by R. Miron [16], [17] results a new adapted basis B ((1.13)) and B* ((1.9)).
These bases are dual to each other, their elements transform as d-vector (or covector)
fields, but they are not convenient for the presentation of the almost tangent structure J,
for which J* = 0 and JTy = Ty,, JTy, = Tv,, JTv, = Ty, JTy; = 0. To obtain such a
basis we take:

oy = dy’* = da® (2.1)
5y1a — dyla + M&gdyOb

1
Oy = Sdy** + Miydy"™ + Mg dy™

1 1
Oy = cdy™ + S M dy™ + Migdy'® + Mg dy™.

Theorem 2.1 The necessary and sufficient conditions that dy** (o = 0,1,2,3) given by
(2.1) are transformed as d-tensor fields, are the following equations:

M doay™ = M) Oouy™ + Sovy™ (2.2)
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M3 O™ = M3 Dy + L™
M O™ = MY O™ + % O™
M3 O™ = M3 O™ + Mg By + 500>
M By = M3 Dy + M Oy + Oy
Mg 9say™ = Mgy 0ouy™ + Mg dopy™ + %M§§/30b92b/ + éaobyga/-
From (1.4) it follows that MJg, M2 and M3 have the same law of transformation,
also M2® and M3 transform in the same way. This fact allows us to take
Mgy = Miy = Mgy, Mgy = Miy. (2.3)
If (2.3) is valid the adapted basis
B = {609, 6'yla, §'2, 5130} (2.4)
is given by

6"y’ = da® = dy®® (2.5)
5/y1a — dyla + M&gt,dy()b

1
5/y2a — §dy2a + Molbadylb + MggdyOb

1 1
Oy = cdy™ + S Mofldy™ + Mig'dy™ + Mgy'dy™.

Theorem 2.2 The structure J defined on T*(E) by
J(dy>) = 3dy™,  J(dy**) =2dy'", J(dy'") = dy™, J(dy"*)=0  (2.6)
is a tensor field of type (1,1), and satisfies the relation J* = 0.
From (2.6) and (2.5) it follows
Ty =8y, Ty = d'yt J(8y') =8y, (") =0, (2.7)

Let us denote by
B = {5(/)a> ia?éémééa}
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the adapted basis of T'(F) given by
Sba = Ooa— NibOW, — 2NZ0y — 6N3LOs,

e = Oa — 2N0y, — 6NZOs, (2.8)
8, = 200, — 6N&§83b )
&, = 6034,
Theorem 2.3 The adapted basis B' and B"™ are dual to each other if
Nog = Mg, (2.9)

N = M3 — MY
Nia = Mg — MgZNog — Moc Ny
or equivalently
M= N
(2.9a) Mgy = Ngg + Noe Nog
M3 — N+ NEN + NELNG + N NN
Theorem 2.4 The elements of basis B’ given by (2.8) are transformed as d-tensor fields
of
N3& Ooay® = N§corey™ + Boay™ (2.10)
N3 Doy = N3sne™ + S Nisorey™ — 2 doay

/ !/ / ]_ / 1 / 1 /
NiaO0ay™ = NgOsey™ + S Nizoey™ + Nogorey™ = <00ay™ -

Theorem 2.5 The tensor J considered as a linear transformation on T*(FE) in the basis
B and B* has the form:

J = dy® I3 ® D14 + Ay T @ Dog + dy® T3¢ @ O34, (2.11)

where
J011?261?7 J12g:251?7 J§g=3(5g,

or in the matrix form

0000 Bop
100 0 )

J = ldy™dy"dy*dy™) | 0| @ 8;2 (2.12)
0030 s

The tensor J in the basis B’ and B™ determined by (2.8) and (2.4) has the form
J =0y ® 8, + 6yt @ 8, + 6'y* @ &, (2.13)
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Theorem 2.6 The tensor J considered as a linear transformation on T(E) in the basis
B and B* has the form
J = 014 @ dy®® + 205 ® dy'® + 303, @ dy** (2.14)
and in the basis B’ and B"™* has the form
J =01, @ 8'y" + 84, @ 8yt + 8, ® 8y (2.15)

From (2.14) and (2.15) it follows

J(O0a) = 010y J(D1a) = 2000,  J(D2a) = 3830, J(D34) =0 (2.16)
J(00) = 01a>  J(014) = 00, J(0) = 030, J(03,) = 0. (2.17)

Definition 2.1 With respect to the coordinate transformation (1.3) the Liouville vector
fields have the form

Ty =900, T(2)=y""D2a + 3y**Osa, (2.18)
1'\(3) — ylaala + 2y2a82a + 3y3a83a.

In the geometry where Miron’s transformation group is used ([15], [16], [17]) I'(;) and
'(3) are the same as here, but I'(5) = Y120y + 24%%03,,.
The vector fields I'(,), a = 1,2,3 given by (2.18) in the basis B has the form

Ly = 29034, g = 22%69q + 259034, (2.19)
T(3) = 23010 + 25020 + 23" 03a-
The relation between the components is given by:

Zi)a — y1a7 Z%a — y1a7 zga _ 3y2a + yleé’)gL (220>
z?l)a _ yla, Z?Q’a _ 2y2a + yle121;1
250 = 3y> + 2y M3 + y M

The proof is obtained by (1.18). All z from (1.20) with respect to (1.3) are transformed
as tensors of type (1,0).

Theorem 2.7 The J structure transforms the Liouville vector fields in the following way:

JLay =0 JD( =30 Jl =20 ). (2.21)
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The proof follows from (2.16) and (2.18).

Theorem 2.8 The Liouville vector fields in the basis B’ have the coordinates

Ly = 2703, T(a) = 2505, + 2583, (2.22)

_ Nagt 12a 5/ 13a /!
L3y = 25901, + 25 054 + 237" 034,
where

6270 = 225 = Al = ylo (2.23)
22é3a — Z§2a — y2a + Molézylb

1
B = Sy + Mog'y™ + Migy™.

Proof. If we substitute 014, 024 and 03, from (2.8) into (2.18) and compare with
(2.19) we obtain (2.23).
Remark. I'(y), I'(9) and I'(3) determined by (2.19) and (2.22) satisfy (2.21).

3 The 3-sprays
Definition 3.1 A 3-spray on E is a vector field S € x(E), with the property
JS =T\, (3.1)
where U3y (see (2.1)) has the form
L3) = 4" *01a + 2y Dsa + 3y** O30 (3.2)

Remark. As (3—(i—1))!T';) = '@ (T® is the notation of Liouville vector field used
by R.Miron), so we have I'(3) = e,

Definition 3.2 A curve c: I — M 1is a 3-path on M if its 3-extension ¢ is the integral
curve of a 3-spray.

Let us denote the curve é in E = Osc3M by
e(t) : (2" (1), y ™ (1), > (£), y* (1)) (3.3)
The position vector r(t) of arbitrary point on é(t) is given by

r(t) = y”00i + y" 01 + v 0o + y > Oss. (3.4)
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If we introduce the notation

L (t) = y"00i + y" O + y* O, (3.5)
then (3.4) can be written in the form
r(t) =T(t) + y* 9. (3.6)
The tangent vector of &(t) is dr(t) = 7(¢)dt and in the basis B it can be expressed as
dr = dy®do; + dy*'01; + dy*'Oa; + dy* ;. (3.7)

Theorem 3.1 The tangent vector dr of ¢(t) in the basis B' has the form
dr = 6"y%50, + 0'y'io), + 8'y?oh, + 6'y3ios,. (3.8)

Proof. From (2.8) we have

603, = 6§a
205 = 09 + NoJoh,
Ota = O+ No2(0hy, + Noidh.) + Noodly,

da = 5(,)11 + N&g[ ib + N()ll)c(5/2c + N()lgéi,’)d) + Nggagc +
N (833 + Nob 03.) + Nog -
The substitution of the above equations into (3.7) results
or = dy*8y, + (dy'* + Nogdy™)dy, +

1

[5dy** + Nog'dy™ + (NG + Nog Nog)dy*]05, +

1 1

[Sy™ + NGy + (NG + NENAS)dy™ +
(NG + N6 Nog, + No Ng, + NogNod Nig)dy )03,

Using (2.9a) and (2.5) the above equation takes the form (3.8).
From (3.8) it is clear, that dr is a vector field with respect to the coordinate transfor-

mations of form (1.1), i.e.
dr = 8'y% 8y + 'y 8y + 0y Oy + 'y Gy
Using the notations 7 = %, I = %7 from (3.6) we obtain
) . d 31
r:F+%#&h (3.9)

where ‘ ' ' '
U = y"0; + y* 01 + y*' 0. (3.10)
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Proposition 3.1 . I' is not a vector field, but it has the property
JI =T3). (3.11)
Proof. If we apply the linear transformation J on I' and use (2.16) and (3.2), we get
JI = " T + y* 0 + yP T O =
Y 01 + 2y 09 + 3y¥ 03 =T'(3).

Theorem 3.2 The vector fields S, which has the property JS = I'(3) can be written in
the form

S =14 G%ds,, (3.12)
where G3* are such functions, which under (1.1) transform in the following way:
G = GO + T(y%). (3.13)

Proof. From (3.12), (3.11) and (2.16) it is obvious, that
JS = JU +G*J0s = JT =T\3.
From the above equation it can be seen that JS = T'(3) is satisfied, when in (3.12) G
are arbitrary functions. When S is a vector field, G* must satisfy some special conditions
with respect to (1.1). S is a vector field if
S = Y00+ v Ou + y* 0n + GV 03 = (3.14)

Y Ooir + y* O + Y Do + G O3y

Substituting 0o, 01, O2i, Osi from (1.6) into (3.14) and equating the coefficients beside
the basis vectors, we get

doi v =y doiy™” (3.15)
O y™ =y o0iy™ + v Ony™
821" . y3i/ — ylia(]ini/ 4 y2i81iy2i/ 4 y3i82iy2i/
agi’ . G3i/ — G3i83iy3i/ 4 yliaoiy3i/ 4 yQialiy?)’L'/ 4 y3i82iy3il —
G3ia3iy3i, + F(y?)zl)

The first 3 equations in (3.15) are exactly the allowable coordinate transformatins
given by (1.1).
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Theorem 3.3 The vector field S is the tangent vector of the curve é(t) given by (3.3) if
and only if the functions G3 beside transformation law (3.13) satisfy the relations

dy?)i

G = ——.
dt

(3.16)

Proof. From (3.9) and (3.12):
. dy® . ,
:P+%83i, SZP—FG&&%

it is obvious that S is parallel to 7 if and only if (3.16) is satisfied.
The transformation law of G* can be expressed in function of M’s.

Theorem 3.4 When S is a spray with spray coefficients G, then S can be written in
the form

S = SOi(soi + Sliéli + S2i62i + Sgiégi, (317)

where
S =yt (3.18)
Sl — 42 yle()l;
§% — o3 4 ijMIQJ@’ + yle[?;

S — G314 y?’ng’; + y2jMf’; + ylegj.
S (o =0,1,...,3) are d-tensors of type (1,0) i.e.

. ot
S = —— G5, 3.19
ox’ ( )
For oo = 3 we have
G¥ 4y Ml + ™ M + g MG = (3.20)
ox" 3i 35 1731 25 1 134 17 3 736
e (G +y My; +y™ M7 +y 7 M)

Proof. Substituting 0y, 014, 024, J3; from (1.18) into the first equation of (3.14) we
obtain (3.17) and (3.18). From (3.17) and (3.18) follow (3.19) and (3.20).
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Theorem 3.5 The vector fields I'(yy,..., '3y, S and the linear transformation J are con-
nected by
J28 =21y
J3S = 3 (3.21)
J4S = 0.

Proof. (3.21) follows from (2.21) and (3.1).

4 Zermello’s conditions in Osc3M

The integral of action I.« does not depend on the parametrization of the curve c* if

1 1 ! ! !
/()L(w,yl,yg,y?’)dt:/o L(z,y",y*,y¥ )ds, (4.1)

for any change of parameter s = s(t), where s(t) is at least C* function, s'(t) > 0, s(0) = 0,
s(1) =1, and

/ d%z®
yaa :dgl'a: W, C¥:17273.
(4.1) will be satisfied if
L(z,y' 92, v°) = Lz, y* v y*)s, (4.2)
where s’ = Zf . We shall use the notation
dOé
s@ =% 10923
dte

The equations which give the invariance of I~ from the parametrization of the curve c*
are called Zermello’s conditions.By pure calculation we get:

yle=y''s, (4.3)
y2a — y2a (S/)2 + yla S”,
y3a _ y3a’(8/)3 + y2a’38/8// + yla/sm,
d 3a d 3a’ , , .,
Cyit _ ?CJlS (SI)4 + y3a 6525 + y2a (3(8”)2 + 48/8”/) + yla sV

Taking the partial derivatives of (4.2) with respect to s, s”, 5" and s we get:

(O1aL)y*™ + (92aL)28'y* + (33, L)(3(s)2°Y + 35"y**) = L(x,y",v% %),  (4.4)



(82a L)y + (93,L)(35'y*%) = 0 (4.5)
(83 L)y = 0. (4.6)

In (4.4)-(4.6) L = L(x,y', 52 y3). If we multiply (4.4) with s, (4.5) with 2s”, (4.6)
with 3s” and add all these equations we obtain:

(raL)y''s' + 2002 L) (" ()" +y''s") +
3(63aL)(y3<1’(3’)3 + 3y2a’8/8// + yla/S///) _ L(iv,yll,y?,y?’/)s’.

The substitution of (4.3) and (4.2) into above equations results
(O1aL)y" +2(D2aL)y** + 3(93aL)y™ = L. (4.7)
If we (4.5) multiply with &', (4.6) with 3s” and add all such obtained equations we get:
(02 L) (Y s') +3(D3a L) (7" () + y*'s") = 0,

ie.
(8QQL)y1a + 3(83aL)y2“ = 0. (4.8)

From (4.6) it follows:
(D34 L)y' = 0. (4.9)

Theorem 4.1 Equation (4.7)-(4.9) are the Zermello’s conditions in Osc3M.
The comparation of (4.7)-(4.9) with (1.21) results.
Theorem 4.2 The Zermello’s condition in Osc>M are:
TL=0, TpL=0, T@L=L.

They are the necessary conditions for the invariance of I+ from the parametrization
of the curve c*.
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