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Abstract. In this paper, we obtain a new weighted inequality of Hardy type for higher
order derivatives which generalized the recent result of Stepanov [8].

1. INTRODUCTION

Since Opial [7] results on integral inequalities involving functions and their deriva-
tives was published, a lot of work has been done on it due to its usefulness in the
study of differential and integral equations (see for example, Das [2], Levinson [5],

Stepanov [8], Imoru [4] and Cheung [1]).

Definition 1. Let (r(z),s(x)) > 0, x € Randlet 1 < p < ¢ <p < oo. If
k(x,y) > 0 is defined on A\ = {(x,y) eR?:y< x}, then we shall say that the pair
of weight functions (r(x), s(x)) satisfies the A(k,p,q) condition with a constant C if
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there exists a real number 3, 0 < 8 <1 such that for every real number z,

{7 kg " [ b)) 7y} < ¢ <

We shall now state and prove some Lemmas needed in the proof of our main result.

Lemma 1. If fW(a) =0, for all j = 0,1,2,--+,n — 1, then

Ng) = 1 ‘ ni1 pln
[ ) = m/@(ﬂf—t) F(t)dt

Proof. This can be obtained by the reverse induction process on j.

Lemma 2. For any f > 0 and any o > 0 holds

[ [ sod]'ar = [ [ ]

a (a+1)
Proof. Let
Flz) = /:f(t)dt
Then
F'z) = f(x)dz
Therefore

Hence




47

Lemma 3. Let k(z,y) >0, (z,y) € A ={(x,y) €eR*>:y < z}. Suppose 1 <p <
q <p', then

Proof. Let

Define h by

Hence

T

@) = [ k)t
(

y

k(y

B)p (y)—p’[/ ,z)(l B)p
< [ k) s) T[T kG0

—00

k(x

—00

Since k(., z) is nondecreasing and = > y we have

/

2 - T ’ ’ 3p,_q
J(z) = b4 [/ k(z,z)3=PP g(z)7P dz] i

3])’ —q —00
— 20 — qh(x)*@p’w)
3’ —q

by Lemma 2 and the proof is complete.

Lemma 4. If k(z,y) >0, (z,y) € A and1 <p<q<p <oo.
Then

;o q/p r_ I
_aB3p q)dx} < O—p(zip,qu)[Qp q]p/q

{[7 k) @h@ :

’

" {/oo k-(z, y)ﬂqr(z)qu} ' —a) .
Y
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Proof. Let

Jy) = /Ook(x y)ﬁqr( Vih(z)~ M

o z / / ;’(22’—;
= / k(z,y) % () {/ k(z,2)3 PP s(2) P dz} e
y

—00

Since (r(x), s(z)) satisfies the A(k,p, q) condition with constant C, we have

a3 —q) (q=3p")

z ’ ’ ' (2p —¢q p3p' —q) oo o —q
{/ k(z, z) PP s5(z) P dz} < ¢ e {/ k(z,x)ﬁqr(z)qdz}2 .

—00

The fact that k(z,.) is nonincreasing gives

a(3p'—q)

J(y) = Czp’—q/ k(x,y)Pr(z) { k(z, )P (2 qdz} e
y

(30" —q) oo 0 p
< qugpp’—qq / k(x,y) ﬁqr { k(z,y) ﬁ"r qdz} R
y
By Lemma 2 we have

/

a3’ =) 29 — 00 ©@p' —q)
e e R A C O S

pl

Hence

’

3 —0) 12 — o0 @D
e e R AL SO S
p Yy

This completes the proof of the Lemma.

2. THE MAIN RESULT

Theorem 1. Let f be a function that vanish at a or b together with its derivatives
up to and including (j — 1). Suppose r(z) and s(x) are nonnegative weight functions

such that (r(zx), s(z)) satisfies

[/oo k(x — a)(j_l)’gqr(x)qdm]l/q[/a k(x — a)(j_l)(l_ﬁ)p,s(x)_p,dx] i < B < oo
(1)
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Furthermore, if 1 <p <q<p' < oo and?2p —q >0, then

where

1 (2p—q)'7 (2p' — )/

¢ = B(k—l)! (3p' —q) I

Proof. Let f be supported on (a,b) and define h by

[e'e) 1

h(y) = [/y k(y—Z)(j_l)(l_ﬁ)pls(z)_p’dz]_m.

Then

— [ [ we o wa)

by Lemma 1 and
r- { [ @[ [ @ =) 00 m)s()nt)

(j—1
x(z = y)U DD s(y) " h(y) dy| do}

— { [ rr] [ =0 [ w)stnt)] ay] "

z s _ ’ ol ol q/p’
X[/ (2 =)D () P h(y) ™ dy] dw}

1/q

IN

1/q

by Holder’s inequality. Hence

! I {/abr(x)q[/aw(x — y)U-Dep [f(j)(y)S(y)h(y)}pdy]q/p

I<——
— (-1

z . oo . , , p’ / l/q
x [/ (& — )V s(y) P [/ (z — y)U=DU=A ()P dz] er'=0) dy]q/p da:}
@ Y



50

ST - i {/abr(w)q[/j(x )00 (y)s(y)h(y)] dy] "

x . ’ ’ Yy . , , + ,
X [/a (z — )T DA=BW g(y) P [/a (x — 2)0=DA=BW ()= dz] @p w)dy]q/p dx}

Lemma 3 and the fact that k(.,2) is nondecreasing gives

1/q

s gom {/fr(x)q[ [ @ = 1O w)swn)] a)"”
y (20" —q) )G g v
[(3p’—q)h( ) ] ! }

1 20" — @) | [P z —08p [ £ P, 1a/p
= s=uiler=g)” { [ r@] [C@ =) (10 6)shy)] dy)”

G ) a/p
Xh(z) ¥ dx} .
By Minkowski’s inequality we have

it R TV CL At

< [F(y)s(y)h(y)] dy}

By Lemma 4 we have

R L M e AR TN

« [/a”(x _ y)u—l)(l—ﬂ)p's(z)—p'dz]*ﬁ [/

Y

1/p

a

, o 1/p
(z—y)(]_l)ﬁqr(z)qdz} ‘J(Zp"q)dy} )

Since (r(x), s(z)) satisfies equation (1), then we have

D Y PP,
pp

Y . , P —P— y , —_
[/ (2 — )= DA=B ()P dz] ¥oo < 0w [/ (z — y)(y—l)ﬂqr(z)qdz] a2 =q)

1 (2p" — q)q1/e' (20" — q)11/a bro o) \P
N (J'—l)![(?)p’—q)] | P ) C{/ [f()(y)S(y)}} :

Hence

{/ab [T(x)f(x)}qu}l/q < C {/ab [S(x)f(j)(x)}pdx}l/p.
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Remark 1. If we set p = ¢ = 2 in Theorem 1., then we shall obtain

(o] = of ffmmore)

which is a recent result obtained by Stepanov [8].
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