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A CHARACTERIZATION OF MAXIMAL SPECTRA
IN TERMS OF RELATIONS

Milos Miliéié

Abstract. In this paper V.B.Kudryavcev’s mazimal clases of the functions with
delay (mazimal specira) are described in terms of relations.

Let P, denote a set of all functions of an algebra of a k-valued logic.

Definition 1. A spectrum is an infinite sequence
f"—'(FQ,F]_,...,Fd,...)

of subsets of P.
We shall denote a spectrum by F = (Fg)d=0,1,2

Definition 2. If F = (Fa)a=0,1,2,... and § = (Gd)d=o0,1,2,... are two spectra, we say
that a spectrum F is a subspectrum of G, denoted by F C G, if Fy C (g for every
d=0,1,2,....
Definition 3. Let F = (Fy4)a=0,1,2,... be a given spectrum. We say that a spectrum
F= (Fd),j={],]_'2‘___ is a closure, or a ~-closure of the spectrum F if

(1) Fg = Fo, where Fg = [F{)],

(2) Fy= (Fo @ (Fa® Fo)) U(U{Z{ (Fi ® Fay) ford=1,2,...,
where for ', G C Pj, we have

F®G = {f(gl(:ﬂll;-'ﬂlza i ':mlml)agz(m211$22y-"IEEYRQ): . -gn(wnl:mnﬁ; . -‘smnmn)))
fe Bged (4=1%8,.. ik

Definition 4. A spectrum F = (Fg)4=0,12,... 15 closed (or ~-closed) if F = F.
Definition 5. A spectrum F = (Fg)g=0,1,2,... is said to be complete (or ~-complete)
if

Ugozg F‘d = Pr.
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Definition 6. A spectrum F = (Fa)d=01,2,. . is said to be maximal (or ~-maximal)
if F Is not complete (~-complete) and for any G properly including F, G Is complete
(~-complete).

Theorem 1. ([1]). A spectrum F is complele is and only if it is not a subsel of
any mavimal spectrum.

From this theorem it follows that it is useful to know maximal spectra.
Let us define the types of spectra (according to (1.

Definition 7. A spectrum F = (Fa)a=0,1,2,... is called of type (A) if there exists a
maximal set M in Py, such that Fy = M for all d = 0,1, 2,

Definition 8. A spectrum F = (Fa)a=o,1,2,... is called of type (B) is there exist an
m-ary polyrelation p = (po, p1,...,pp—1) on By = {0,1,2,...,k—1} with period p,
such that

4 = M2 Fpi, piga)
foralld =0,1,2,..., where

F(pi, pipa) = {f € Pi|f(pi) C pigpa}

and & denotes the addition modulo p.

Remind that for a function f and an m-ary relation p, an m-ary relation flp) is
defined by

f(p) = {f(a‘g’a(lh"'1ag_l)rf(a(1]sa.%!"':a‘T_l)r'--1.f(a‘?n-]_sa}n—1r"'!anmt«ll
ff(ag’a?T' " 'la'?n—~1)7 f(a'é’a}l . "a'?]‘.ﬂ—l)? . _!f(ag‘-l’a?_‘l’ e "a‘:‘i._—ll) e p}'

Definition 9. A spectrum F = (Fa)a=o0,1,2,... is called of type (C) if there exist an
m-ary relation p and an m-ary diagonal A such that

Fo=F(p,p)
and
Fag=F(p,A) {d=1,2,3,...).

Note that for each fixed value of & there exist only a finite number of spectra of
types (A) and (C), but an infinite number of those of type (B).

Theorem 2. ([1]). A mazimal spectrum over E). is either of type (A), or of type
(B) defined by an m-ary polyrelation with 1 <m <k and period p > 2, or of type
(C) defined by m-ary relations with 1 < m <k

We can associate a spectrum { = (Fi)d=0,1,2,... to each set S of functions with
delay in the following way:

feFie—(fd)eS (d=0,1,2,...).
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The converse holds, too: to each spectrum we can associate a set of functions with
delay, So, the terms a spectrum and set of functions with delay are mathematically
equivalent; hence we can use one term or other depending on the wanted aim.

V.B.Kudryaveev gave all maximal classes in the set Py = {(f,d)|f € P2, d =
0,1,2,...}. Here we shall characterize Kudtyavcev’s maximal classes (maximal
spectra) in terms of relations.

I. Spectra associated to maximal classes L, S.M, Ty,and T are of type (A) and
they are characterized by relations on A3 which characterize maximal clases L, 3,
M, Tp, and T3 in Ps.

1. The spectrum F; = (Fi)a=o,1,2,..., where Fy = L for every =0, 1,200
is characterized by the relation pr, = {(0,0,0,0), (0,0,1,1), (0,1,0,1), (0,1,1,0),
(1, 8,0, 30,0, 1, B, {1, 1,000, £1,1,3,.1)}

2. The spectrum Fz = (Fq)d=0,1,2,.., where Fg = S for every d=10,1,2,..: is
characterized by the relation ps = {(0,1),(1,0)}.

3. The spectrum Fyy = (Fa)a=0,1,2,..., where Fy = M for every d=20,1,2,... is
characterized by the relation pyr = {(0,0),(0,1),(1,1)}.

4. The spectrum Fr = (Fa)d=0,1,2,..., where Fy = Tp for every d = 0,1,2,... is
characterized by the relation p; = {(0)}.

5. The spectrum Fp = (Fa)a=0,1,2,..., where Fg =T} for every d = 0,1,2,... is
characterized by the relation py = {(1)}.

I1. Spectra associated to maximal classes G, Eo, Ey,and H are of type (C).

6. We associate the sectrum Fg = (Fg)a=0,1,2,.. to the class C, where Fy = A
(the set of a-functions) and Fy = BUT (the union of the sets f- and y-functions).
Since there exist the binary relation p = {(0,1)} and diagonal A = {(0,0),(1,1)}
such that

Ffo=A= F(pnp)

and
Fy= BUlN=PpA) (d=1,23 ..).

it follows that the spectrumn Fe = (Fy)d=0,1,2,... 1s of type (C).
7. We associate the spectrum Fg = (Fa)a=0,1,2,... to the class Eg, where Fp =

AUB and Fy = {0,1} for d = 1,2,3,.... Since there exist the binary relation
p=1{(0,1),(1,1)} and diagonal A = {(0,0),(1,1)} such that

Fo=AUB =TF(p,p)

and
Fi={0,1}= F(p,A) (d=1,2,3,...).
it follows that the spectrum Fg_ is of type (C).
8. We associate the spectrum Fp = {Fiq)a=0,12,  to the class By, where Fp =
AUT and Fg = {0,1} for d = 1,2,3....The obtained spectrum is of type (C)
because there exist the binary relation p = {(0,0),(0,1)} and diagonal A such that

Fo=AUT = F(p,p)
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and

Fd:{O,l}:F(p,A) (d:1,2,3,...).

9. We associate the spectrum Fg = (Fy)d=o,1,2,... to the class H, where Fy = §
and Fy =Y (the set of even functions) for d = 1,2,3.... The obtained spectrum is
of type (C) because there exist the binary relation p = {(0,1),(1,0)} and diagonal
A such that

Fo=S=Flp,p)
and
Fa=Y =F(p,A) (d=1,2,3,...).

IIL. Spectra associsted to maximal classes W, and Z, (r=20,1,2,...) are type
(B).

10. We associate the sectrum Fy, = (Fi)g=o,1,2,.. to the class W, (¥ =
0,1,2,...) where Fyray =M (9=0,1,2,..., Forpgqry=M = {f|IfEP,ATE
M} (g = 0,1,2,... and Fy = {0,1} (d # p2",p = 0,1,2,...). It is easy to

see that there exists the polyrelation 7 = (po, p1,...,por+1-1) such that py =
{(0,0),(0,1),(1,1)}, par = p~ L and ps = A (s £ 0,2"), where
or+1

F'd:ﬂi‘:[] _IF(Pi:Piﬁd) (d:0:1121)
and @ denotes the addition modulo 2"%1; so it follows that the obtained spectrum
is of type (B).

11, We associate the spectrum Fz = (Fa)a=o,,2,. to the class Z. (r =
0,1,2,...) where Forapy = A (¢=0,1,2,..., Farag41) = A (the set of 6-functions
} @ =0,12,... a0d Fp=0d £ p2",p=0,1,2,...).

Since there exists the polyrelation 7 = (pg,p1,...,per41_1) such that py =
{(0,1)}, por = {(1,0)} and p; = 0 (s # 0,27), where

Fa=nZy " Flpi, piga) (d=0,1,2,...)

and & denotes the addition modulo 27%!; so it follows that the obtained spectrum
is of type (B).
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