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ON SOME CRITERIA FOR STARLIKENESS
IN THE UNIT DISC

Milutin Obradovié

Abstract. In this paper by using the Ruscheweyh’s derivative (3] and certain prop-
erties of the classes My, defined earlier by the author [{], some new criteria for
starlikeness in the unit disc will be given.

1. Introduction

Let A denote the class of functions analytic in the unit dise U = {z : |z| < 1}
and normalized with f(0) = f'(0}) —1 = 0.

By M,,n € Ng = NuU{0} = {0,1,2,...}, we denote the class of functions f € A
defined by the condition

Dl 2n 4 3
(1) §IE{]-)“f}<2n“i_23 *GU!

where D" f = (z/(1 — z)"*!) % f denotes the derivative introduced by Ruscheweyh
[3] ("+” means the Hadamard product or convolution of two analytic functions).

In [2] it is prooved that M,41 C M, holds for all n € Ny and that My, n € N, is
the subclass of univalent functions. Morever, M,,, n € N, is the subclass of starlike
functions (S™) in the unit disc.

Let f and F be analytic in U. Then we say that f is subordinate to F, written
by f < F of f(z) < F(z), if there exists an analytic function w(z) in U, such that
w(0) =0, w(z)] < 1,z€ U, and f(z) = F(w(z)).

In this paper we give some criteria for starlikeness in the unit disc by using the
Ruscheweyh’s derivative, the previous cited facts on the class M,,, and by applying
the following well-known Jack’s lemma [1].

Lemma. Letw be nonconstant and analytic in U with w(0) = 0. If |w| attains ils
mazimum velue on the cirele |z| = r < 1 al zo, we have zow'(z) = kw(zo), k > 1.
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2. Some criteria for starlikeness

Theorem 1. Let f€EA a>0, F< o, n € Ny, and let

Dr+2y D" f a—f3
(2) éR{QDnﬂf"'BDan}<a+ﬁ+2—(m, zel.

Then f is starlike in U,

PROOF. Let us show that condition (2) implies

Dnlf n+l \7!
el = ] T = .
Dy < )(1 n+22>

In that sense, let’s put

(3)

41 1— ;
(4) D f: u..'(:r:)j a:ﬂ-}-l'
Ve 1—aw(z) n+2

Evidently w(0) = 0. We want to prove that |w(z)| < 1, z € I/. From (4), alter

taking logarithmical differentiation and using the identity

z(Dmf)' =(m+1)D"1f _ D™ §,

we get
®) %:% 41~2 [l i 8y .;:J((zz)) - 115()) 165215?2)]
and now
cBrh b =
W = ni‘z e s S -~ = aw(z))]+
+ﬁ T w((z))

If not Jw(z)| < 1, 2z € U, then there exists a zy, 2| < 1 (by Jack’s lemma) such
that |w(z0)| = 1, zow'(20) = kw(20), where k > 1. If we put w(zo) = e, then from

(6) we have
D"+ f(20) f(20)
g%{ Dn—{-lf( )+’6Dﬂ,-+—if(zﬂ) -
@ n+l 1 k-1 1—a? l+a
= — >
n+2[1+ a 2 2 1-—2acosf +a? +p 2 =
o 1 n4+1 14a 4
> = = e -4
_n+2<2+ a )-HB 2 +ﬁ+2( n+2)’
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which is a contradiction to (2). It follows that (3) is true. From (3), we obtain

[IvELf n+1\"" 2n+4 2043
R 2 = Z
{ Dnf }< (1+ ) 2n+3<2ﬂ+‘2’ ,EUj

ie. fe M, n€&N. Forn=0, from (3) we have

D af'(2) 1—=z

D°f — f(z) 1-2/2’

{ 2f'(z)
f(z)

We note that the condition 8 < « is necessary since the expression on the left side
of (2) has the value a + 8 for z = 0.

Remark 1. If we choose different values @, # and n in Theorem 1, then we may
get some criteria for starlikeness. For example, for n = ( we have that the condition

(1) ?)%{a(l%—izjf;()))JrﬁJ}(,())}<a+ﬁ+—4ﬂ@ zell

} > 0, z € U. Therelore, the statement of Theorem 1 is true.

]

where a > 0, B < «, implies f € S*. The condition (7) we may write in the form

(8) 51%{ (1+lz;”;( )>+ﬂf(())}<%(a+ﬁ), ze,

and from there (for ¢ = 2, g = —1),

w22 f) 3
%{H_ fiz) Zf’(z)} <y *€h
which gives that f € S* and zﬁg) ~ 11__;;2.

Theorem 2. Lel fEA, a>0,a+S>0 andn € No. If

o Dn+1f
Drf

D‘n+2f
Dn+lf -

6
(9) - ]1 <(@n+3)P2n+4)%, zel,

then f € 5.

PRoOF. As in the proof of Theorem 1, we want to show that the relation (3) 1s
satisfied. If we use the same substitution for D”“'lf/D“f as in (4) and apply the
same method, we have the same relation (5). Let us show that |w(z)| <1, z € U.

—
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On the contrary, by Jack’s lemma, there exists a zp, |20| < 1, such that |w(z)] = 1
and zow'(z0) = kw(zg), & > 1. If we put w(zp) = ¢, then for such 2, we getb

ID1]+2.f(zl]_)_ ~ o D"+1f(23) B IJﬁ _
D f(zo0) D f(z0)
. (a - 1) (a—1)e?  [*](a— 1) |?

=t 2 £ 1 2 v % 4 =

(n+2)""(n+1) 1— aei? (1 — aet?)(1 — eif) L — et

(1 a)>+F 1 &
ot - R ———— >

(nt 97 =@t T1HET—m| 2
— g)o+b

L (1-q)

e et 1127 = @0+ 3P en+ 4,
which is a contradiction to (9). Now, as in Theorem 1 we conclude that f € S*.

Remark 2. If in the previous theorem we choose n = 0, then we have that the
condition {9) has the form

Lzf"(2)[*|2f'(2) . r py-a
NZONE N oM I
or equivalently,
| I ROINDUON lﬁ W
(10) e |f(z) 1| < 27%377.

From (10) we easily obtain that both of the following conditions

zf“(z)(zf'(z)_.)l L' e
TN < 7€

fi(z)
and
Zf”(ZJ/(zf’(ZJ B I)i 3
@/ \Ta )<y 2
imply that f € §* and 2208 , 1=2

@) T

Also, from (10) we have that

a1 l—o

2"(2)
)

zf'(2) 3
f(2)

1| <27°3%-! LeU, a>0

== 3

z2f ) 1—=z

implies f € 5" and ) = =273 The similar result was given earlier in [4].
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