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Some results on existence and regularity for non-linear p(x)-parabolic
equations with quadratic growth with respect to the gradient and
general data
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Abstract. This work investigates the regularity of solutions to a nonlinear parabolic equation with pertur-
bations and general measure data. Our approach involves a combination of convergence and compactness
techniques in variable exponent Sobolev spaces.

1. Introduction

In this manuscript, we show a certain regularity of solutions for nonlinear p(x)—parabolic problems
including a low order term with natural growth. More precisely, we are interested in the following problem

ob(u)

T dio[@(t, x, 1)(1 + [ul)* @Vl O-2Vu] + L, (1 + [l Tu|Vup® = p in Qr,
®) u(t,x) =0 on (0, T) x 9Q,
b()(0, x) = b(uo)(x) inQ,

where Q is a bounded domain, with a smooth boundary dQ and Qr := (0,T) x Q, Q c R¥(N > 2), T > 0.
The vector filed ¢(t, x, u) verified certain appropriate hypotheses, p is a bounded Radon measure on Qr,
the initial data 1o € L'(Q) and {(x, t) is a measurable positive function.

The notion of existence and regularity results was introduced by Boccardo and al [20] when the right
hand side is in W=1#'(Q). The following quasi-linear elliptic problem

—div((p(x) + [uT)\Vu) = f = L)l ulVul> in Q, 1
u=0 on 0Q, 1

with f is non-negative, f € L'(Q),a < ¢(x) < b and p, q < 2g, it has been examined in [19] (see also [18]).
Moreover, similar results have also been shown taking into account the parameters p, g and the summability
of the data f. The authors have enriched the work of [1, 19] by establishing the existence of solutions of the
problem (1) by taking p, g as real without any condition.
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The key point of the existence result in [36] is to show that [u|?|Vu| € L1(Q) for any g > 0. L. Aharouch
and colleagues in [6] established the existence of weak solutions for degenerate parabolic equations when
fe LY (0, T, W' (Q2, W*)) and ¢(x, t,u, Vu) is strictly monotone. The authors proposed in [3, 4, 48] a novel
method using diffuse measures as data and perturbation terms, which avoids the need to apply the specific
structure of the measure decomposition and makes it more versatile for a wider range of problems. This
theory has applications in various disciplines of PDE analysis, including specialised electro-rheological
fluid models and image processing (see e.g. [11, 30, 50] and reference therein). In addition, the generalised
variational capacity, a Choquet capacity with respect to space, is widely used in nonlinear theory.

The authors of [3, 37] investigated the connection between these chosen capacities and diffuse measures.
Given the use of this capacity in geometric function theory and stochastic processes, such as its behaviour
under various forms of symmetrization and other geometric transformations, Harjulehto et al. [31] created
a relative capacity, studied its properties and compared it with the Sobolev capacity. In the case where
C(x) = u, there are several publications dealing with different aspects of this topic, such as (1). In addition,
as far as we know, there are some extended results in the framework of generalised Lebesgue spaces.

This paper improves and generalises previously published results and addresses more challenging
problems, such as nonlinear parabolic problems with variable exponent (). The method used to prove the
main results is a combination of convergence results in appropriate spaces and compactness estimates via
some approximation problems.

The main contribution of this study is to extend the results for problems with measures to the case
with variable exponent. To obtain global estimates from a priori estimates, additional assumptions on
the exponent s(x) are required. When dealing with a potentially perturbed term with natural growth,
more general strategies such as those described in [2, 43] are applied. To achieve strong convergence
of approximate solutions, which is essential for generalised estimates of “near/far”, certain types of test
functions are used instead of modifying the unknown variable, similar to the strategies used in [39, 41]
without a low-order term and [38] with an absorption term.

The structure of this paper is as follows. In Section 2, we provide some preliminary remarks, including
important properties and results on Lebesgue-Sobolev spaces with variable exponents, the generalised
parabolic capacity p(-)—, and measure decompositions that will be used throughout the proof. These results
and decompositions will be discussed in more detail later. In addition, the basic assumptions that must be
made about ¢, u, ¢, ug are presented. To provide our general definition when the operator is modified, a
new primary result is proved in Section 3.

2. Preliminary results and notations

In our analysis of the problem () we will use definitions and fundamental properties of generalised

Lebesgue-Sobolev spaces L/ (Q), W;’p ®(Q), as well as the theory of parabolic capacities. We will only
give brief summaries of the necessary results here, and refer the reader to the references [27, 28] for more
information.

2.1. Sobolev spaces with variable exponents

We define a real-valued continuous function p to be log-Ho6lder continuous in a bounded open subset
Q of RN (with N > 2) if

lp(x) = p(y)l < forallx, y € Q such that |x — yl < %,

~ |loglx -yl
where C is a constant. We designate by
C.(Q) = { log-Holder continuous function p : Q — Rwith 1 <p~ <p(x) <p* <N },

where

p~ =min {p(x) tXE 5} and p* = max {p(x) tXE 5}.



A. Sabiry et al. / Filomat 37:22 (2023), 7559-7579 7561

Therefore, the variable exponent Lebesgue space L™(Qr) is introduced as follows

rYQ) = {u :QQ = R is measurable such that f lu(x)PPdx < +oo},

Q

the norm for L™ (Qr) is defined below:

llellpe) = inf{T > 0;f |M|”(")dx < 1}.

a T

Note that the inequality below will be used later

min {[lull, ; llull,} < f ()P Odx < max {llull, ; lull, )
Q

It should be noted that if 1 < p~ < oo, then LPV(Q) is reflexive and its dual is L’ (Q), where —

( ) O T
and then for any u € LF0(Q) and v € LF'O(Q) the inequality of type Holder is given by
1 1
uvldx < (— + —— Jllullp) ol (-
L (P() P’(’)) PO ()
Then, if p(-),p’() € C.(Q), the Young's inequality is established by the following formula:
ab® '@
ab < + —,
pe) - p'(x)
such that z) ,1() = 1 and for each a, b > 0. By extending a variable exponent p: Q — [1,+c0) to

Qr =Qx[0,T] by defining p(x) := p(t, x) for each (x, t) € Qr, we can also consider the generalized Lebesgue
space

(%)
L’9(Qr) = {u : Qr — R; measurable such that f |u(x, t)‘p § dxdt < oo},

under the norm

lullpoop) = mf T > 0; f | d dt < 1},

retains the same properties as LV*)(QQ). Furthermore, the variable exponent Sobolev space given by
WO(Q) = fu € L'Q) ; [Vul € PO(Q)),
is a Banach space with the following norm

el pey = Mutllpey + [Vuullpe),
such that

lillypy = inf{r > 0; f

Q

(| Vu(x)

p(x) u(x
+|Q
T

’ (X))dx <1). @)

We define the functional space W(l)’p (')(Q) as the closure of C(Q) in W#0(Q) with respect to the norm (2).

Note that W(l)’p 9(Q) and W#0(Q) are separable and reflexive Banach spacesif 1 <p~ <ocoand 1 <p~ < o0

respectively. At last, we shall employ the standard notation for Bochner spaces, i.e., L(0, T; X) is the space

of strongly measurable function u : (0,T) — X for which ¢ — [[u(t)llx € L7(0, T). In addition, C([0, T]; X)

represents the space of continuous function u: [0, T] — X according to the norm ||ullcqo,71.x) = trr{t(?%(] [lu(®)lx,
€[o,

where X is a Banach space and g > 1.

i

dt < +oo}.

L (0, T; WP (@) = {u: (0,T) > W,"™(Q) measurable with ( f ||u(t)||p1p(x)(0))
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2.2. Measures and Parabolic capacity

Let Qr = Qx(0,T) for each fixed T > 0, and recall that V = W,"(Q)NL*(Q) has the norm |[.|l, 10 +.l:2(-
0
The space Wy(,(0, T) is defined as

Wuy(0,T) = {u € IV (0, T, V); Vu € (0(Qr)" and u; € L7V (0, T, V")
with the following standard

lellw, 0,1y = Lo, vy + IVl + llsello,r,v)-

Note that W,,(0, T) — C([0, T, L*(Q)) continuously. Let O C Qr be an open set, we define the (generalized)
parabolic capacity of O as

capy(0) = inf {llullw, 1) : O € Wyy(0,T),s = xoa.e. in Qr},

where as usual we set inf{()} = +oo, then for any Borel set B C Qr, the definition of (generalized) parabolic
capacity can be extended by setting

capy()(B) = inf {capp(i)(O) : O open subset of Qr, B C O}.

Since we are interested by using some regular properties, we need to define the following space

V={uerr ©T,W," Q) : VueLHQr)Nand u, € LV (0, T, W'" Q) + L'(Qr)},
endowed with its natural norm
[l = “u”Lf(O,T,Wémb)(g)) + ”Vu“(LP(')(QT))N + ||uf||L(0,T,W14"(')(Q))+L1(QT)-

In the following, M;(Qr) denotes the set of all Radon measures with bounded variation on Qr, and My(Qr)
designates

Moy(Qr) = {y € My(Qr) : u(E) = 0 for every E C Qr such that cap,(E) = 0}.

To better specify the nature of a measure in My(Qr), we need then to detail the structure of the dual space
Wp»(0, T)Y

Lemma 2.1. [37,lemma4.2] Let g € (W (0, T)) then thereexists g1 € L¥)'(0, T, W7 1)(Q)), g, € LV (0, T; V), H €
(LPNQr)N and g5 € LY (0, T; L*(Q)) such that

T T
< g, u>= f (g1, u)ydt + f (uz, go)dt + H.Vu dxdt + gsu dxdt,
0 0 Qr Qr

for every u € Wy((0, T). Moreover, we can choose (g1, g2, H, g3) such that

”!71||L(p—)’ oTw7o@) T llg2ll- orwv T ”lHHl(U'(.)(QT))N

+llgsllLo,r2) < Cligllw,, o)y

with C not depending on g.

One of the decomposition results of elements of My(Qr) is the following
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Theorem 2.2. [37, Theorem 4.4] Let u € Mo(Qr), then there exists h € LN(Qr) and g € (Wy(»(0, T))" such that
h+ g = pin the sense that

f hop dxdt+ < g, ¢ >»= f pdu, Yo € C2([0, T] x Q).
i Qr

We obtain the following decomposition theorem as a result of Lemma 2.1 and Theorem 2.2.
Theorem 2.3. [37, Theorem 4.5] Let i € Mo(Qr), then thereexists (f, H, g1, g2) such that , g; € L¥7'(0, T, W=17'0)(QQ)),
g2 €LV (0,T; V), H € (LFO(Qm)N; f e LYQr), in the sense that

T T
fodxdt + H.Vudxdt+f (gl,go)dt—f ((pt,gz)dt=f edu,
Qr Qr 0 0 Qr

forany ¢ € C2([0, T] x Q).

Remark 2.4. Note that, according to Theorem 2.3, for any u € My(Qr). Then, there is (f, h) such that f € LY(Qr),
H e (LP")NQq)N, in the sense that

f(pdp:f fodxdt + H.Vudxdt+f ed..
Qr Qr Qr Qr

for each ¢ € CX([0, T] x Q).

Note that the decomposition of y € My(Qr) in the previous theorem is not unique. A well-known decom-
position result can be found in [37, Lemma 4.6] and [29, Lemma 2.1]. Every p in My(Qr) can be expressed
as a unique sum of its absolutely continuous part uy with respect to p(-)-capacity and its singular part p.
focused on a set E with zero p-capacity. Therefore, if u € M;(Qr), thanks to theorem 2.3, we have

u=f—dioH)+g: + ul — e,
In the distributional sense, where H € (LF'O(Qr))N, f € LYQr), g € LV (0, T; V) and (u_, u;) are the positive
and negative parts of .. To investigate the existence of a solution and to verify the density results, we need

to consider the following preliminary result, which involves some relevant data approximation.

Proposition 2.5. [24, Proposition 2.31] Let 11 € Mo(Qr) , then there exists a decomposition (f,div(H), g) of u in the
sense of Theorem 2.3 and an approximation i, of u satisfying

lmllirory < G um € C2(Qr)

and
T T
f Um@ du = f fmp dx dt + f (div(H,,), )dxdt — f (P, gm) dt,
Qr Qr 0 0

with

fu € CX(Qr) = fu = fin LYQr),

H, € C2(Qr) : Hy —» Hin P O(Qn)N

G € CX(QD) : g = g in LV (0, T, V) .

as m tends to 0, for very ¢ € CX([0, T] X Q).
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Remark 2.6. Let us recall the following function of w,(r) = re™” which had this useful property:

2
aw;,(r) = blw,(r)| =1, Vr e R, ¥a, b >0, YA > %. 3)

The truncation function and the following functions will be used in the following:
Ti(r) = max{—k, min(k,r)}, ~ ©Ok(r) = T1(r = Ti(r)).

We will be interested in a specific type of positive bump functions C;° known as ”cut-off” functions during
the proof of our principal result w, : RN*! — R satisfy

py(n=1 if rek,,
(PV(r) =0 Zf re QT\K’}//
OS(P)/Slr VT’EQT.

let us define, for every 0 < g(x) < oo, the Marcinkiewicz space M7 (Qr) as the space of every measurable
function g where

AC > 0 with meas{(t, x)€Qr |lg(t,x)| = h} < h%

for every positive k, endowed with the semi-norm

. . ) C\1@)
gl v ) = 1nf{C >0: meas{(t, x) : |g(t, x)| > h} < (f) }
Note that, if g(x) > g~ > 1, then we obtain the following continuous embedding

L1(Qr) = MI(Qr) = LT7(Qr), Ve € (0,q(x) - 1]

3. Assumptions and Technical Lemmas

The following assumptions are assumed throughout the work. We take a look at a Leray-Lions operator
defined by the formula:
Au = —div[¢p(x, t,u, Vu)],

where ¢ : Q x[0,T] x Rx RN — R is a Carathéodory function, satisfying the following condition, there
exist k € [PY(Qr) and a > 0, 8 > 0 such that, for each (t,x) € Qr all (1, &) € R x RN.

Pt x,u, &) - T = L(ul)IEPP, (4)
(t, x, 1, &) < PIk(t, x) + L(uDIEPO, 5)
[P, t,u, &) — plx, tu,mlE—m) >0 VE£. (6)

Moreover, the function L satisfies
L(ul) > a, Yu € R. 7)
where a, A, A are fxed real numbers. Here

b: R — Ris a strictly increasing C'-function with b(0) = 0, (8)
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and there exist by > 0 and b; > 0 such that
bo <V'(s) <b1, foreveryseR. )
and

u € My(Qr). (10)

This part introduces several fundamental technical concepts and results that will be used throughout this
article. For some details concerning their related contents, the reader can consult (see[37]).

Lemma 3.1. Let 0 < A € My(Qr) be concentrated on a set E such that capyxy(E) = 0. Then, for each 0, there exist
¢, € C2(Qr) and K, C E a compact subset such that

0<¢,<1, @=0inkK,, A(E\K,) <7y,

(11)
tiyllp, by =0, [ (1-9,)dA = o(),
y=0 Qr
and, in particular, a decomposition [(p,)}, (@y)?] such that
¢y — 0 *weakly in L*(Qr), a.e.in Qr and in LY(Qr)
(12)

Y Y
I ((P;/)} ||LV’*(o,T,wap'm(Q))S 5/ I ((Py)% ”Ll(Q,))S 5

Remark 3.2. Let u = f —div(H) + g; + u} — u concentrated on two disjoint sets E* by applying two compact sets
K5 € E* such thatug (ET\K}) <y, uf(E*\KY) <y and four cut-off functions where ¢} and ¢, are in CY(Qr) such
that

¢y =1on K3, 0 < oy <1, Supp(ey) N Supp(ep; =0)

(13)
o3y <7,
and,
+ +y1 Y
((Py )¢ such that ”((Py)y”m" (0,T;W-LP0)(Q)) < 3
(14)
I@DRhon < %
additionally , if u2s are as in (21) we obtain
f Pyducy = o(m,y), f Pydu; <,
Qr Qr
(15)
f (- psey)dusy = @(m,y,n)  and f A —pyepdu; <y +1.
Qr Qr
Moreover, if g3, @i in W?2*(Qr) we have
Osf Ppdu; < nandOSf Ppdus <1,
Qr Qr (16)

0<¢p;<1,0<¢, <L
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Lemma 3.3. [13] Suppose that(4) - (10) are satisfied and let (u,,) be a sequence in LV (0, T; LP™(Q)) such that
Uy — u weakly in LP (0, T, LP™(Q)) and

(O, b, ), Vit) = (3, b, th, Vi)V 1ty — )l = 0.
Qr
Then, u,, — u strongly in LV (0, T; LPYO(Q)).
Lemma 3.4. Let I’ is zero away from a compact set of Rand h: R — R be a continuous piecewise C'- function where
T
h(0) = 0, It should be noted that H(r) = f h(o)do. Ifu € LV (0, T; Wé'p(x)(Q)), Uy € LP(0, T; W-1P(Q)) + LY(Qr)
0

and @ € C®(Qr), we have then
T
[ mttiprte = [ HaOpmas= [ Hu)po)- fQ giH@dsdt a7

In general, we will work with measurable functions and truncations in the energy space L¥ (0, T; W(l)’p “Q)).
For this, we consider the notion of “generalized gradient”, whose fundamental result is contained in the
following lemma.

Lemma 3.5. [13] For every u € 7'01 4 (x)(QT), there exists a unique measurable function v : Qr - RN such that,
VTi(u) = vxui<k), a-e. in Qr for each k > 0, where E is the characteristic function of the measurable set E.
Moreover, if

VT ()PP dxdt < C(k + 1), (18)
Qr

then, v coincides with the classical gradient of u and is denoted by Vu = v. with u is capy- a.e. finite, ie.
cappi(t, x) € Qr = |u(t,x)| = +oo} = 0, and there exists a capy) — q.c.r. of u, namely a function ii such that il = u
a.e. in Qr and il is capy()-quasi continuous.

4. Existence results

In this section we shall present the notion of a weak solution to problem () and we shall give the
existence result for such solution.

Definition 4.1. Let Q be a bounded open subset of RN,N > 2. For each u € My(Qr), we define a "weak”
solution to the problem (P) as a measurable function s € C([0, T1; LY(Q)) such that ¢(t, x, u, Vu) € LY(Qr)N, Ti(u) €

L (0,T; Wé”’ ©(Q)), and it verifies

[ (), o

+ O, x, ) (1 + [tt])*® Vit P2V, Vodxdt + f O, DA A+ [’ Vitydxdt
Qr Qr

= fmpdxdt + H,,Vodxdt + f @dpime, Yo € CZ(Qr).
Qr Qr Qr

Theorem 4.2. Let q(x) < s(x) =1, s(x) > 0, and p € My(Qr) suppose that ¢(t,x,u) is a Carathéodory function
verifying the following hypothesis
O<a<otx &) <pand 0<ALSC(tx)<A ae. (t,x) € Qr, forall £ € R. (19)

where a, B, A, A are fixed real numbers.
Then, the problem (P) has a positive weak solution u such that.
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(PEWIN+D-N)(s(x)+1)

e if u(x)> 1, then u € Wy N L"™(Qr) for every n(x) < o ,

N(px)—-1+s(x))

e if 0<u(x)<1,thenseL)0,T; Wé’y(x)(Q)) for every r(x) < amy

Proof. The proof of Theorem 4.2 will be completed in 5 steps.
Stepl: Approximate problem. We begin by proving the existence of a weak solution in the presence of
regular data, i.e., assuming that u is a limit of bounded sequences i, in L*(Qr). We present the following
approximate problem
(b)), = divldt, x, ) (1 + Vit P2V 103] + T, O+ it 11, Vit PO =
Pm)s in Qr=(0,T)xQ, (20)
b(um)(0,x) = b(ug')(x) in Q,  uy(t,x) =0 on(0,T)XQ,

where py = tma + Ume = fin — Ai0(Hpy) + G + fme. Accoring to [37], we suppose that

H, €CZ(Qr) : Hy—Hin[LZQn)N,
0< Um,e € CEO(QT) D Hme = UeIn Myp(Qr), (21)
fm € C2(Qr) : fm— f weakly in L'(Qr)

Furthermore, it follows that [|uulli1g,) < C. On the other hand, as ¢ verifying the conditions ( 19)with
1 < p(x) < N, then (P,,) admits a weak solution b(u,) € LV (0, T, Wy"(Q)) N L=(Q) with (b(u)): €
LP" (0, T, W~17®(Q)) by using Schauder fix point.

Step.2: This step is dedicated to check the a priori estimates.

Considering @1 x(t) = T1(um — Tr(u)) as test function in the weak formulation of (P,,), we get by the
integration by parts formula and a virtue of Young’s inequality that

f O1 4 () (T)dx + f (1 + 1) OVt PO dxdt
Q {k<u, <k+1)

’ 1
< N fmllerop +Cf |H,u P ®dxdt + Ef

Qr {(k<ut,, <k+1}

L, OV it POdxdt + il o + f (1) (0, ),
Q

S

where O x(s) = f ¢(0)b'(0)do. Remarking that ©1 (1) is nonnegative and that ©1 x(1,,)(0, x) < [b(u')(x),
0
as H,, is bounded in L' ®™(Qr), fu, tem and b(ul) are, respectively, bounded in L'(Qr) and in L'(Q), we get

f O (un)(T)dx < C  foreacht €]0,T], (22)
Q
and

f T, O + "9 Y1, |Via, PDdxdt < C - for each k > 0, (23)
{k<it,,<k+1}

which gives the estimate of u,, in L*(0, T; L}(Q)), and the estimate if (s(x) > 1).

Ck+1)
p(x) <
L311n1<k+1} |Vum| dxdt = (1 n k)s, for each k > 0, (24)
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which involves that u,, is bounded in L7 (0, T; W(l)’p(x)(Q)) .
Let us note that, according to Theorem 4.2 and if 0 < 57 < s(x) < s* < 1, that u, is bounded in

L7 (0,T; Wé’q(x)(Q)) for each gq(x) < Il\lvf(lxi:g) Furthermore, we infer that (1 + u,,)*™®|Vu,,| is bounded in

L'®(Qr) for every r(x) < p(x) — NTT

As aresult, in the corresponding space, there exists a function u,, converges to # and a.e. in Qr and weakly
in the related spaces. Additionally, we may derive from (22)-(24) that Ty(u) is a Cauchy sequence in LP9(Qr)
for all k > 0, from the fact that T (u,,) is a Cauchy sequence in L™ (Qr) for all k > 0, we can deduce that it is a
Cauchy sequence in measure for each k > 0. This means that for any k > 0 and for any ¢ > 0, there exists an
N such that for all m,n > N, the measure of the set x € Qr : |Tx(t4n)(x) — Ty (1)(X)|p0p) > € is smaller than
¢. Hence, by means of the related Marcinkiewicz estimates on u,,, we get that u,, is a Cauchy sequence in
measure. Indeed, we first notice that for any k, 0 > 0 and for each s, t € N, for each s, t € N,

{lus = 1) > 0} € {lusl 2 k) U (el 2 K} U (I Ti(us) = Teu)| > ). (25)
At present, if € > 0 is fixed, Marcinkiewicz’s estimates lead to the existence of k such that

meas({|us| > k}) < g, meas({|u;| > k}) < %, foreachs,t €N, foreachk>X,

since, T (u) for every fixed s > 0 is a Cauchy sequence in measure, We establish that there exists a value
of . > 0 such that

maes({| Ty (us) — Tr(uy) > o}| < g foreachs,t >ne, foreacho > 0.
Also, if k > k’, from (25) we conclude that

{lus —uel > o} < ¢, foreachs,t =1n., foreacho >0,

As aresult, u, is a Cauchy sequence in measure. In this situation, there is a measurable functionu : Qr — R,
such that u; converges a.e. in Qr, resulting in a finite limit function u. As a consequence, for all k > 0, we
obtain

Ti(itm) — Te(u) weakly in L (0, T; W,"(Q)) and a.e. in Qr. (26)

At last, by the weak lower semi continuity and from (24) and (22), we find

f O1x(u)()dx < C and f IVulPWdxdt < C(k + 1), foreach k > 0. (27)
Q {k<u,, <k}
and
(-1 @ C
(11 + 2" 1y VY dxdt < —  foreach k > 0, (28)
(k< <k+1} An

We may deduce that the function u is cap,)-a. e. finite and capj)-quasi-continuous based on what has
been mentioned and the lemma 3.5. The above results ensure only weak convergence of Tx(u;,) to Ty(u) in

L7 (0, T; W,"™()).

Step.3: We will also show the strong convergence of the truncation in L¥ (0, T; Wé’p (€)).
In this part, which will ensure the convergence of Vu,, to Vu in Qr. Using the same procedure of [41] to
prove that

n—o0

Hm | |VTi(it) — VTu)PPdxdt = 0, (29)
Qr
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and thus use [21] to complete the result.
(i) : Near E. If y,, = f, —div(H) + pi¢,, then, in the weak formulation of u,, by choosing w;((k — u,,)*)p,, with
wy, defined in (3) and k > 0, as the test function, we obtain

T
fo (Ot ewn((k = 1) ), )it

+ O(t, x, 1,)(1 + Ium|)5(x)|vum|p(x)7zvum *V(wn((k - um)Jr)(P}/)dth
Qr

+ | T (L )™ 1 Vit PP (k= 1) Yoy dxdt = f Fnwn((k = 1)), dxdt
Qr Qr

o [ Hy - V(@K = )"yt + f n((k = 1)) dhicn
Qr Qr

Thus, by means (19) and the fact that w,((k — u,,)*) ) = 0 if u,, > k, we obtain

T
fo (b(Gun e, (C = ) )epy Yt + a f (k= 1) YV TP p,

Qr

— max{1, (1 + k)7®} f wWn((k = 1) " )dxdt + f wn((k = )@y dpic mdxdt

T T

<- fmewn((k — um)+)(p),dxdt - Hy, - V(wn((k - um)+)(p),)dxdt
Qr Qr

+ | ot %, )1+ Ti(un) OV TtV T () - Ve, ((k = 1) *)dxt,
Qr

Now, since 1, which depends on k, verifies (3), we have that

o
Lq)k,n(um(()/ x))(Py(Or x)dx + E |VTk(um)|p(x)(Pdedt + f wn((k - um)+)(Pyd,uc,m

Qr Qr

< fQ Py (11 (T, )y (T, )il — fQ P, )y

- f fma)n((k - um)+)(Pydxdt - f Hy, - V(wg((k — um)+)(Py)dth (30)
Qr Qr

+ f wn((k - um)+)¢)(t/ X, ) (1 + Tk(”m))s(x)|VTk(um)|p(x)_ZVTk(um)V(P)/dxdtr
Qr

¢
where @y ,({) = f wn((k — y)")' (y)dy is a primitive of w,((k — )*)b’(I).
0

Remark that, as T (1) converges weakly in LV (0, T; Wg’p (x)(Q) and @I’(’ A0) = wn((k=6)*)b'(£), which means
that @y ,(£) is a bounded function with compact support and @, (€) > 0if £ > 0, we get that

@] (i) = @, (1) weakly in L (0, T; W, "™ (Q)), weakly" in L*(Qr) and a.e.in Qr.

So, let’s look at each term individually, according to Lemma 3.1 and Steps.1-2 we treat the second integral
on the right side of (30) as well as the fourth by applying (26), and as V(w,((k — u»)*)¢p, converges to
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V(wn((k = u)* V' (uy)) weakly in LPO(Qr)N and w,((k — 1) )b’ (u) < brw, (k) we then have

lim su %L IVTk(um)lp(")goydxdtJth wn(k = ) )pydus,

n—

SfCDk,p(u(T,x))(py(T,x)dx—bof Oy o (u(t, X))@y )rdxdt (31)
Q

Qr

- fan((k = u)")p,dxdt - f H - V(wu((k = u)") g, )dxdt
Qr Qr

+ | Pt x, )1+ Te() |V Ti(un) POV T(u) - Voo, wn((k — u)*)dxdt.
Qr

However, as @y ,(u) € L (0, T; Wé’p (x)(Q)), and taking into account the convergence properties of ¢, in the
lemma 3.1, we get

- f fan((k = u)")p,dxdt - H - V(wu((k = u)") g, )dxdt
Qr Qr

+ [ ot x, W) + T VT () POV Tie(w) Vo, wn (k — u)*)dxdt
Qr

< Clll o (IfI+IVTzc(u)IIHI)(Pydxdt+fQ (IHI + VTi(u))IV @, ldxdt],

Hence, thanks to Lebesgue’s theorem and the Lemma 3.1 and (29), we easily obtain

| T2, it = o, ),
: 32)

o |, ((k — um)+|(Pdec,m = a(m, V)

(ii) : Far from E(1). We note the Landes time regularization of the truncation function T(u) by the symbol
Ti(u)g. Let xg be a sequence of functions such that

xg € Wy"(Q) N L2(Q), Iwolli= < K,
xg = Tr(up) a.ein Q as O tends to infinity ,

p(x)

WI(Q) — 0as 0 tends to infinity.

glixll

Next, for 6 > 0 and k > 0 fixed, we designate by Ty (1) the unique solution of the problem

% = 0(T(u) — dT(u)g) in the sense of distributions,
Tk(u)g(()) = xp in Q.

- aT, -
So, Ti(u)p belongs to LV (0, T; W,"™(€2)) N L*(Qr) and % belongs to LV (0, T; Wy"™(Q2)). As a result, we
can demonstrate that when 0 diverges then, there existe a subsequences (as in [34]).

ITk(wollor <k, foreachk >0,

Ti(1)g — Ti(u) strongly in L¥ (0, T; W;’p(x)(Q)) and a.e. in Qr.

Let us start by proving a result that is crucial for dealing with the second term of the right-hand side (iv).



A. Sabiry et al. / Filomat 37:22 (2023), 7559-7579 7571

Lemma 4.3. Let k,h > 0, ¢, and u,, are defined as previously, hence

f Vi P (1 = @, )dxdt = @(m, h,y). (33)
{h<|u,|<k+h}

Proof. Let us choose ¢(u,;)(€ — ¢,) as test function in weak formulation of u,,, where ¢(£) = T (£ — Ty(£)).

¢
Integrating, if @y ,({) = f Q&Y' (£)dE, we obtain
0

f Ot (1 — )t

T

+ | D%, ) (1 + 1) Vit POV, Vo (= T (14))(1 = @y )dlxclt

Qr

— | ot x, )1+ ) OV P2V 11, - Vepy Tore (g — Ti(tty))dxct (34)
Qr

= fmTZk(um - Th(um))(l - (P)/)dth + Hm : V(T2k(1’lm - Th(um))(l - (PV)dth
Qr Qr

. fQ Tt = Ty )1 = )

To arrive at the result, we use the property of equi-integrability and Young’s inequality.

| Hyy - VTt = T(ttm))(1 = qoy)dxdt' <C f Vit (1 = ¢y )dxdt
Qr {h<|up|<k+h}
+GC, f VP (1 = @, )dxdt < @(m, h) + Cs f [Vt [P dxdt
{h<| up|<k+h} {h<u,,<2k+h}

and

o S = @) Tkt — Ty (ut))dxdt = o(m, h) ,

where, apply Young’s inequality, one can take C, as small as one chooses (e.g. C; < %); thus, by the

hypothesis (19) on “¢” in the second term of (32), we get

(;b(t; X, Up)(1 + um)s(x)lvumlp(x%ZVum - VTt — T () (1 — (Py)dxdt
Qr

) flh it <h+2K) Ot %, ) (1 + 1) OVt PO 2Vt - Vit (1 - @y )dxdt
<|uy|<h+

> a f Vit PO(1 = gy )dxdt,
{h<ut,, <h+2k}

Remark that Oy (1) is non-negative for all s € R thus, integration by parts, we have

o9,
| Ouatunt - gyt = [ @uatun St~ [ @pituia,
T Qr Q
which gives, by Vitali’s theorem and the definition of @ (¢) and the strong compactness in L'(Qr) of b(u,,)
and b(uy'), that
| ©xatun(e = g ivd = oo,

T
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Finally, from the lemma (3.1) and the tight convergence of ., we have

‘ fQ (1 = @) Toxttys - Th(um))dxdt' < 2k| fQ (1= @)dem| = @(m, ),

and the third term of (32) can be computed, for any r(x) < p(x) — %, as the following

(P(t/ X, um)(l + um)S(X)lvumlp(x)_zvum . V(P)/TZk(um - Th(u))dxdt
Qr

5(x) r(x) () 1_ﬁ
< 2kBCH)( fQ (1 + [ OV, [ Oddxdt) * (meas{(t, %) : un(t,x) 2 B)) " +@(m, b, ).
T

C(k,y)

.
W=

< o(m,h,y)+

Putting all these points to gather, we get (33). [

In the following, we apply a method presented in the parabolic case in [42], we can chosen 2k < h
Zm = Tor(ttyy = To(ttm) + Tic(um) = Ti(w)o);

We remark that Vz, = 0 if |u,| > h + 4k, so the estimate on Ti(u) of step.2 means that z,, is bounded in
L¥ (0, T; Wé’p ®(Q)); thus, it is obvious to get

Zuw = Top( = Ty(u) + Te(u) — Ti(11)g) weakly in LV (0, T; Wy"™(Q)) and a.e. in Qr.
Therefore, before integrating by parts we multiply by z,,(1 — ¢,) the equation solved by u,, to obtain
A+B<C+D+E+7TF, (35)

where

T
A= fo (b)), 201 = y))t

B= f Ot %, )L+ T (1) IV Tag )P 2V T (1) - V(1 — oy )dxdt
Qr

C= f fmzm(1 = @, )dxdt

D= H - V(zu(1 = @y)) + 2k Edpem
Qr

&= (1- (Py)
Qr

F = ot xum)L+ ) Vi POV, - Vo, z,dxdt
Qr

Now consider the member 8, if we choose M := h + 4k, we get
(P(t/ X, ) (1 + um)S(x)|Vum|p(x)—2|vum|p(x)—2vum “Vz,(1 - (py)dth
Qr

= A, X, )X+ X (et ) IVibm X et PO Vibm X ey - VZm(1 — @y )dxdt.
Qr
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Next, if E,;, = {|lum — Tn(uy) + Te(ity) — Tr(u)g| < 2k} and h > 2k it can be divided as follows

Dt %, 1)L+ X gl <t) 1Vt X <28 PO ™2 Vit X i<y - V(1 = @y )dxdt
Qr

= | ot 2, )L + X ) V1l X ittty POVt X ity VWt — Ti()o)(1 — @y )dxdt
Qr

+ f Dt %, 1) (1 + X1 120 V1l X ) P2 V10V (g = Ttt))(1 = py)xedxdt — (36)
([ >k}
- f O, %, ) (L + Ui Xt <0)) IV i Xt ) PO ™2V i X 110y V()0 (1 = ) X, At
{lm|>k}
Consider the second member of (36), as u,, — Tj,(u,,,) = 0 if u,,| < h, we find

| f Ot %, )L+ U X 1<) IV 8 X bt P2Vl X vt V i — T ()1 = ) xpdxdt
{lum|>k}

< f lod(t, 2, 1)L + U Xt <tt)) " IVl X <an PO 2 Vit ldxdlt,
(i<l |<h+4K)

while, applying Lemma (3.1) and the hypotheses (19), we have immediately

| 0t %, ) (1 + 1 VP2 V10, (1 = o, Yl
{h<|u,,|<h+4k}
<B f (1 + 14,) D Vit PO(1 = g, )dxdt
{h<|uy, | <h+4k}
< C(h,k)B Vit P (1 = @, )dxdt

(<t |<h+4k)
< @(m,h,y).

Thus, by applying Lemma (3.1)and the iqui-integrity, we get

f“ . Ot %, )L+ U Xy <)) IV P2V, V (i — Ty ()1 = @)X, dxdt = @(m, h, ). (37)
Now consider the third member of the right-hand side of (3.39); so, thanks to Step.1, we get

ﬁ o Dt %, ) (L + 1t X 10 IV 2 Xt <0 PO 2V i Xt 200 V(@) (A = @) X, dxddt = (),

hence

f Ot %, )L+ W X1t <0)™ VU X <M P2V X v VTR0 (1 = ) XE,, dxdt (38)
{lum|>k}

= f Ot X, ) (1 + U X ) TV X ittty PO Vil X i<y
{lum >k}
X V(Tx(w)e — Tr(w)(1 — @))xE,dxdt + @(m) ,

Thus, since T(u)g converges strongly to Ti(u) in LP (0, T, W(l)’p (x)(Q)) and using again Step.1, we can easily
obtain

f Ot X, 1) (1 + o X (un<tn) IV X i<ttt P2Vl X i<
{lum|>k}

X V(Ti(u)o — Te(u))(1 = ¢))xE, dxdt = @(m,v),
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from, and(38), we have
f Dt %, )L+ [t X 20 IV X ittt POVt x 1] < MIVT()o(1 — @,) xE, dxdt = @(m, 0).
{lom >k}

According to the last result, (38) and (37), we get

B= | ¢t xun)1 + Te(n) )V Ti(tm)lV OV i)V (1t — Te()o)(1 = @y )dxdt = @(m, 6,h, ).
Qr

Let us first examine the term ¥ when m tends to infinity: we obtain for 1 < 7(x) < p(x) — = and according

N+
the convergence results from step.1 that :
F<B | U+ Tt IV Tw(n) IV, (T (1tm) — Tie(u))* et
Qr

+ 2KkB (1 + 1) OV Ty ()P Vit [V, ldxdt
{It,,>h}

<p fQ (1 + Tt O NV T 1) IV, (Tt — To0))* vt

+ 2CONRBICL + 1t OVt llps gpymeasi(t, x) : 1wt x) > B~
Ck, 7)

—.
W=

<o(mh,y)+

According to the properties of z,, and Lebesgue’s theorem, we get that ¥ = @(m, 6, h); on the other hand,
we get
D= H - Vu(l - ¢, )dxdt + ©(m, 0,h) ,
{h<u,,<h+2k}
then, by applying Lemma 3.1 and Young's inequality, we have

’ H - Vu(l - g,)|dxdt = o, y).
Qr

Here, we proceed in the same way as in the proof of Lemma 4.3, from Lemma 3.1 and applying the fact
that |z,,| < 2k we can easily see that & = @(m,y) ; then from step.1 and the definition of z,, we get that
¥ = @(m,0,h) , and recalling that, by a similar reasoning of the proof of [39, Inequality (7.35)] we have
A > @(m, 0, h), then combining all these facts, we arrive at the conclusion that

lim sup | [V(Te(un) - Ti(u)o) PO(1 — ¢y )dxdt < 0.
noy Qr

(iii): Far from E(2) Next, consider the time regularization T ()¢ chosen in (ii), which converges strongly

to Ty(u) in L7 (0, T; Wé’p (x)(Q)), let us take in the weak formulation of the problem 20 the test function
wn((tm — Tr(u))")o(1 — @,) (noting that g, > 0, since pA(0) = 0, Ti(w)e < k, and pa(Dx >k = 0), so that
(U — Te(W)o) ™) = wu((Ti(ttm) — Ti(u)g)~), and all integrals intervening in the weak formulation are taken
only on the subset {(t, x) : u,, < k}, we obtain

I1+I2+I3+I4:I5+I6+I7, (39)

where

T
Ii= fo (b)), @nl(atn = Telw)o) )1 = y) )t

I,= Ot x, 1) (1 + Mm)s(x)lvumlp(x)izvum *V(wn((um — Tr(u)o) )1 - go)’)dx‘it
Qr
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I3=- . Dt X, 1) (1 + Tie(ut)) IV T (1) PO 2V Ti(1t) - V(e = Teu)o) ™ )dxdt
Ii= | Conis Ti(t) ™ T (1) VetV O (1t = Te(4)0) )1 = gy )dxedt

Ts= | fuonlin = Tiwo) )1 - gy)dds

To= | H-Vn(n = Tiwo) )1 - gyt

I = f On((it — Te)o) )1 = @) pte .

First, we analyze the behavior of the derived term in time. By the definition of Tj(u)g, we obtain

T ob(u,, i
L < S; ), a)n((um - Tk(u)e) )(1 — (Pv)>dt
T
= [ (D, (= Ty )1 - )it
0 ot

+0 fQ (Te0) = Te@e)an((ttm = Tewo) )L - @ )t

We put w;, (u) = f wn((& = Ti(E))V'(£)dE; so, since w;; (1) < 0and 0 < ¢, < 1, using the integration by part,
0

we get

T
fo L R D ) fQ @i (4 = %o)(1 = @)

‘0 f (Tx(u) = Te(u)o)an (i — Te(u)o) )1 — )t

dp,
——w;, (U — Ti(10)g)dxdt.
or ot
Next, passing to the limit when m tends to zero by the Lebesgue’s theorem, by the fact that [ converges to

up in L'(Q) and that w, (uy — xp) is uniformly bounded in m. Then, as w,(s™)u < 0, we obtain

n—oo

T
tim sup [ (Z5, (0~ T )1~ )
_ dpy
<= | w,(uo—xe)(1 - @y)dx + = “n (u — T(w)o)
Q Qr

which implies, by tending 6 towards infinity and d by to the definition of xy, we have

T
lim sup lim supf <8b(um)’ wn((um = Tie(u)g)")(1 - (Py)>dt
0

60— n—o0 at
_ dp, _
<= | w,(uo = Tr(uo))(1 — @y )dx + TR (u — Ty(u))dxdt.
Q Qr

As w;; (u — Tr(u)) = 0 for any /, we have

lim sup lim sup(Z;) < 0.

Ou— oo n—00
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Dealing with 7, we have

I =- f Dt X, 1) (1 + )OIV (= Tie(u) ™ Py, (14 = T(4)g) )1 = gy )it
Qr

+ 0 Ot %, 4n)(1 + Te(1t)) VT () V(@i ((ttn — Tew)o) )1 ~ oy )dxdt,

since (1, — Ti(u)g)~ converges weakly to (1 — Ti(u)g)” in L¥ (0, T; Wé’p (x)(Q)) and u,, converges to u# a.e. in
Qr, which is equal to zero, so

15 = o(m) - fQ Dt %, ) (14 1) IV g = T (1) PP 0y, (1t = Te()o) (1 = gy )dxdt

<om) —a | V(n = Te@)) PO, (= Ti()o) )1 = @y )dxdt.
Qr

Furthermore, according to step.1 and as w,((u — Tx(1))") = w,(0) = 0, we obtain
I3 =a(m,0),

when 0 tends to infinity then, w, ((1—Tx(u)g)”) converges a.e. (while weakly-* in L*(Qr)) to w, (u—Ti(u))”) =
0 and w,((4 — Tk(1))”) = w,(0) = 0, next, by reminding us that w,((u, — Tr(1))”) is bounded by w,(k) , we
have

Ty < ACK) | Vit Pwy (s — Ti(u)e) )1 = ) )dxdt
Qr

<2ACK) | IV(u = Te(w) PP wn((m — Te(u)e) )1 — @y )dxdt
Qr

+2ACH) fQ VTP D (1t - (o) )1 — @, )dxdt

< @(m,y) + 2AC(K)wu(k) | IV(m — Te(w)o) PP — @, )dxdt.
Qr
Thus to finish, as i, is positive and V(w,((im — Te(1)o) ") (1 —¢,)) — 0in LV O(Qr), from Properties of f,, Hy
and according to Lebesgue’s theorem, we obtain

Is=a(m,0,y), I6=a(m,0,y) and I;=a(m,06,y).

Hence, we can readily infer, by first tending m to infinity, O to infinity and then y to zero in (39), by means
the fact that w},((u,, — Tx(u)g)~) is bounded by w, (k) and by taking an appropriate choice of A satisfying (3),
we get
V(i — Te()o) PP (1 — @y )dxdt = @(m, 0, 7).

Qr
(iv): Near and far-from E
Here, we serve to demonstrate the strong convergence of truncations in L¥ (0, T; Wé’p (X)(Q)),' to do this, we
can describe

limsup [ [VTi(um) — VT(@)PPdxdt < limsup | [V(Te(um) — Te(w)) PO(L — gy )dxdt

n—o0 Qr n—o00 Qr

<limsup [ |V(Tk(um) — Te@)o) PO — @y )dxdt + | [V(Ti(u)o — Tie(u))* PO dxdt

n—oo  JQr Qr

<a(y,0) +limsup2 [ |[VTi(um)lPPpydxdt+2 | |[VTe(w)lP@ep,dxdt.

n—oo Qr Qr
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Thus, using the properties of ¢,, and the lemma (3.1), we arrive at the following

VT (i) = VTi(@)P Vdxdt = @(m) , (40)
Qr

so, we deduce that
Ty (i) — Te(u) strongly in LV (0, T; Wy "™(QQ)), (41)
which also implies, by similar steps of [4, 18], that

Vu,, = Vu a.e. in Qr. (42)

Step.4: Equi-integrability of the lower order term in L}(Qr).
To show that

T, A + 1)1 00, Vit PO — T, (1 + u)™ O u|VulP® strongly in LY(Qr),

we must ensure that the sequence {(1 + 1,,,)7™1u,, [Vt '™ in L1(Qr)} is equi-integrable(as we easily know,

from (42), the convergence a.e.the lower order term). In this case, let us put n(x) > 0 with n(x) < w

and let be a measurable subset of Qr, we get

f T, (A + 1) 10, | Vit PO dxdt
B
< max{A, (1 + k)7 } f IVt X <t P Ocdxdt + f (1 + t)T "Mty | Vit PO dxdt
B {um >k}

< max{A, (1 +k)7} f IV T (1t )PV dxdt + kﬁ f (1 + )T V10, PO dxdt
B Qr

+00
< max{A, (1 +k)7} f IV T (i) PO dxdt + kﬁ Z f A + 1) Vit PO dxdt
B k=0 I

k<uy <k+1}
Cy 1
q7) p(x) — _
< max{A, (1 + K7} fB IV T )P Ot + k;‘ T

< C(k) f IV T (1) PO dxddt + k£ (43)
B

Next, taking ko such that ]% < ¢ (where € > 0 is yielded), hence, according to (41), there is 7 > 0 such that

0
for any measurable subset B C Qr < 11 we obtain

VT, () PO dxdt < ——

, YmeN.
or Clko)

Therefore, from (43), it follows that {(x, £)(1 + t4,)7 u,,[P® is equi-integrable in Qr, which yields under
the Vitali theorem that

T, (1 + 1) 01, [ Vi, [PO strongly converges to C(x, £)(1 + )@ 1u|VulP® in LY(Qr).

Step.5: Passage to the limit
Let us now take the weak formulation of the approximate problem (20) and consider the limit, when m tends
to 00, as (1 + 1) @V, is bounded in L1(Qr)N for all g(x) < p(x) — o5, converges strongly to (1 + u)*®Vu
in LYQr)N, Vu,, converges to Vu a. e. in Qr.
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On the other hand, since for s(x) > 1, the sequence {u,,} converges to uin L (0, T; Wé’p (x)(Q)) ; thus, choosing
I(uy) = uy — T(u) for each i > 0 and k > 0, we obtain

+00
f |Vri(um)|p(x)dxdtzz f
Qr = v

k<uy, <k+1}

C

+00
Vit P dxdt < _—
kZ::" (1 +k)

Therefore, we can take i, ¢ strictly positive such that ( f IVI"i(um)I”(x)dxdt)F < % for each m € IN, which
Qr

gives, from the strong convergences of the truncations and the weak lower semi-continuity (41) that there
exists 0, > 0 verifying, for each m > 6,, such that

”um - u“Lp_ (O,T;Wé/r)(x)(Q)) < “Ti(um) - Ti(u)lle‘ (O,T;W(l)’p(x)(ﬂ))

HTi ()l + L)l

L (0,T; WP (Q) 7 (0,T;W, "7 ()

<g,

as a result,
Uy — U strongly in LY (0,T; Wé’p ®)).

Therefore, the problem (#) admits u as a weak solution (see the definition 4.1). [
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