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Abstract. This paper deals with some existence and uniqueness results for a class of problems for nonlinear
Caputo tempered implicit fractional differential equations in b-Metric spaces with initial condition and
infinite delay. The results are based on the w — 1p-Geraghty type contraction, the F-contraction and the fixed
point theory. Furthermore, an two illustrations are presented to demonstrate the plausibility of our results.

1. Introduction

In recent years, fractional calculus has shown to be a very useful tool for tackling the complexity
structures seen in several disciplines of research. It is concerned with the extension of integer order differ-
entiation and integration of a function to non-integer order, and its theory and application are substantial.
We refer the reader to the monographs [1-3, 36, 39] and the papers [24, 25, 27, 31, 33, 37]. Many papers and
monographs have lately been published in which the authors studied a wide range of results for various
forms of fractional differential equations, inclusions with different types of conditions. One may see the
papers [1, 23, 32], and the references therein.

In [12, 13], Czerwik introduced the notion of b-metric. Following these early studies, the existence fixed
point for various classes of operators in the context of b-metric spaces has been intensively researched; see
[4-6, 11, 16,17, 21, 30] for more details on the concept of b-metric and contractions.

Wardowski [38] has asserted a novel inequality using auxiliary functions to ensure the existence and
uniqueness of a particular mapping in the setting of standard metric space. This inequality is referred to as
F-contraction. For more details on the w — -Geraghty type contraction and the F-contraction, we refer the
reader to the recent papers [8, 9, 18, 20, 22].

Tempered fractional calculus can be considered as the extension of fractional calculus. Buschman’s
earlier work [10] was the first to disclose the definitions of fractional integration with weak singular and
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exponential kernels. See the papers [7, 15, 26, 28, 29, 34, 35] and references therein for more details and
results on the tempered fractional calculus.

In [21], the authors considered the following conformable impulsive problem:

TIQ) =R (G TPx©), CeQi=01,...,8
Me=¢, =Y,(xc), 1=1,2,...,8,
X0 = @), Ce(-wo,x],

where 0 < % = (o < (1 < -+ < (g < (g1 = % < oo, TCS)((C) is the conformable fractional derivative
=]

oforder 0 < § <1, N: OXxQXR — Ris a given continuous function, Q = [», %], Qo = [»,§],
Q :=(C,Cnl1=12,...,p u:(-0,%] > Rand Y, : @ —» R are given continuous functions, and Q is
called a phase space.

Taking inspiration of the previous mentioned publications, in this paper, we study the existence and
uniqueness of solutions for the implicit problem with nonlinear fractional differential equation involving
the Caputo tempered fractional derivative:

(§2F%) © =R (G 1o (§2X) ©); CeQ:=10,1], (1)

X(C) = M(C)/ C € (—OO, 0]/ (2)

where 0 < 9 <1,¢ >0, chg’f is the Caputo tempered fractional derivative, N : Q X @ xR — R and
p : (—=00,0] — R are given functions where p1(0) = xo. For any C € Q, we define x; € Q by

xc(0) = x(C + 0); for o € (=00, 0].

To the best of our knowledge, there are no existing publications in the literature that address the im-
plicit Caputo tempered fractional problems with infinite delay. The limited number of published works
on tempered fractional calculus highlights the need for further exploration and development. Therefore,
our objective is to advance the field by exploring various problems with novel conditions that have not
been previously studied. Furthermore, our study intends to incorporate different techniques such as the
F-contraction method, which distinguishes it from prior research such as [21].

The study of implicit differential equations using the Caputo tempered fractional derivative in b-metric
spaces is initiated in this paper. It is organized as follows: Section 2 introduces some preliminaries,
definitions, lemmas and auxiliary results about the tempered fractional derivative. In section 3, we give
some existence and uniqueness results for the problem (1)-(2) that are based on the w — 1)-Geraghty type
contraction, F-contraction and the fixed point theory. Finally we present an example to show the validity
of our results.

2. Preliminaries

First, we give the definitions and the notations that we will use throughout this paper. We denote by
C(Q, R) the Banach space of all continuous functions from Q into R with the following norm

INlloo = sup{[R(O)I}.

eQ)

As usual, AC(Q)) denotes the space of absolutely continuous functions from Q into R. For any n € IN,
we denote by AC"(Q)) the space defined by

qn
dcr

AC'(Q) = {x tQ > R: —N() € AC(Q)}.
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Consider the space XZ(Kl,Kz), (b € R, 1 <£p £ ) of those complex-valued Lebesgue measurable
functions f on [k1, k2] for which ||N||Xg < o0, where the norm is defined by:

K d !
||8”XZ = (f |CbN(C)|pZC) , 1<p<oo,belR).

Definition 2.1 (The Riemann-Liouville tempered fractional integral [15, 34, 35]). Suppose that the real func-
tion f is piecewise continuous on [x1, k2] and f € XZ(Kl, K2), € > 0. Then, the Riemann-Liouville tempered fractional
integral of order 3 is defined by

1 —K(C—T)g(T)
9, _ e
QIVIR(Q) = e IF (e"R(0)) = 5. T 3)
where I g denotes the Riemann-Liouville fractional integral [19], defined by
C
WIENO) = = YO, @

I'®) Jy €-1)'*
Obviously, the tempered fractional integral (3) reduces to the Riemann-Liouville fractional integral (4) if { = 0.

Definition 2.2 (The Riemann-Liouville tempered fractional derivative [15,34]). Forn—-1<39 <m;n €N,
¢ > 0. The Riemann-Liouville tempered fractional derivative is deﬁned by

e f(1)
F(n 9) dC”f (C — 7)1+

where ., D‘g denotes the Riemann-Liouville fractional derivative [19], given by

W DN = e, D (e°R(0)) = dac,

d" [TK(T)
o DS( é’CN(C)) i (K]IZ ‘9( €CN(C))) F(n ) dC” ﬁ T

Definition 2.3 (The Caputo tempered fractional derivative [15,35]). Forn—1< 9 <n;n e IN*,£ > 0. The
Caputo tempered fractional derivative is defined as

o (C C 1 dan (e“N(T))
Tn-9) J, (-1 dr

COURO = e D (e RO) = dr,

where € DS ¢ denotes the Caputo fractional derivative [19], given by
< d" (e"™N(t)
D! (R(0) = ! L ( )dT.
1e In-9) J, -7 ™1  drr

Lemma 2.4 ([15]). For a constant C,
£ L ' £ — '

L DYC=Ce DR, [ DMC=CeC (D

Obviously, MDS ‘)¢ DS £(C). And, %DS £

Lemma 2.5 ([15, 35]). Let f(C) € AC"[x1,x2], € 2 0and n—1 < 9 < n. Then the Caputo tempered fractional
derivative and the Riemann-Liouville tempered fractional integral have the following composite properties:

v —ZC(C K1)] d](fcf(c))
daqg

(C) is no longer equal to zero, being different from < DS(C) =

WIS DY FO] = £©) -

J=0 C=x1

and

SOV I F©O)] = £©), for 8 € (0,1).
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Lemma 2.6. Let 8 € L'(Q) and 0 < 9 < 1. Then the initial value problem

(§Dx)(© =R, ceQ:=[0,x], )
x(0) = xo,
has a unique solution defined by
C
x(Q) = xoe™“ + L e M = 1) VR(7)dr. (6)

') Jo

Proof. Applying the Riemann-Liouville tempered fractional integral of order 9 to

(§2¥x) © =R,

and by employing Lemma 2.5 and if C € Q, we obtain

C
x(@)—x(me%:ﬁ fo e = 1) O-DR (D).

From the initial conditions, we get

C
X(©) = xoe™ + % I I

Conversely, by Lemma 2.4 and Lemma 2.5, we deduce that if x verifies equation (6), then it satisfied the
problem (5). O

As a consequence of Lemma 2.6, we give the following result.

Lemma 2.7. A function x is a solution of problem (1)-(2) if and only if x satisfies the following:

C
xoe~C + % f e CNC - 1) IR()dT, CeqQ,
x(@) = 0 @)
w(@), Ce(=o0,0],
where X € C(Q) such that 8(C) = N(C, xz, N(Q)).

Definition 2.8 ([4]). Let £ be a set and € > 1. A distance function @ : £ X £ — (0, 00) is a b-metric if the following
requirements hold for all x1, x2, x3 € &:

(1) @(x1,x2) = 0ifand only if x1 = x2,
(2) ®(x1, x2) = @(x2, x1),
(3) @(x1, x2) < elo(x1, x3) + @(x3, x2)]-

Then, (£, @, €) is called a b-metric space with parameter ¢.

Let A be the set of all increasing and continuous function ¢ : (0, o) — (0, o0) satisfying: Y(ex) < ei(x) <
ex, for € > 1 and 1(0) = 0. We denote by © the family of all nondecreasing functions 7 : (0, ) — [0, }2) for
some € > 1.
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Definition 2.9 ([4]). Let (£, @, €) be a b-metric space, S : & — L is said to be a generalized w--Geraghty mapping
whenever there exists w : & X L — (0, 00) such that

w(x1, x2)PEAS(x1), S(x2)) < n(W(@(x1, x2)P(@(x1, x2))),
for x1, x2 € £, where n € ©.

Definition 2.10 ([4]). Let £ be a non empty set, S : & — Land w : L X L — (0, 00) be given mappings. The
operator S is orbital w-admissible if for x € £, we have

w(x, (1) 2 1 = o(S(x), S*(1) > 1.

Definition 2.11 ([8]). A mapping WV : & — L is said to be a generalized nonlinear F—contraction if there exist the
functions F : (0,00) = Rand ¢ : (0, 00) — (0, 00) such that for all x, 3 € & such that Yy # VI,

p(@(x, 3)) + F@a(Vx, VT)) < F(A“(x, 9)), 8)
where w > 1, and

A (x, J) = max {@(;(, 3), 0(x, ¥x), o(3,¥3), % [@(3, Wx) + @(;(,\IJS)]} B €[0,1].

Theorem 2.12 ([4]). Let (£, ®) be a complete b-metric space and ¥ : & — L be a generalized w-\-Geraghty mapping
where
(a) W is w-admissible;
(b) there exists xo € & where w(xo, V(xo0)) = 1;
© If Wnwen © L with xu — x and w(xn, Xn+1) = 1, then w(xn, x) 2 1.
Then \V has a fixed point. Moreover, if

(d) for all fixed points x, x’ of W, either
w(x, X)) 21 or w(X',x) 21,

then \V has a unique fixed point.

Theorem 2.13 ([8]). Let (£, @, €) be a complete b-metric space. A generalized nonlinear F-contraction \V has a fixed
point if the following statements are true:

(1) Fis strictly increasing, that is, ifa < b, then F(a) < F(b), forall a,b € (0, 00);
@ p<L;

B §<L

(4) liminfc. 9(x) > 0, for any C 0.

3. Main Results

In this section, we establish some existence results for problem (1)-(2).
Let (C(Q), @, 2) be the complete b-metric space with ¢ = 2, such that @ : C(Q) X C(QQ) — (0, o), is given
by:
@(x,9) = l(x = 9Pl := sup [ (C) = JO)P.
e

Let the space (@, || - lq) is a seminormed linear space of functions mapping (—oo, 0] into R, and verifying
the following axioms which were derived from Hale and Kato’s originals [14]:
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(Axp) If x : (—0,0] = R, and g € Q, then there exist constants &1, &, &3 > 0, such that for each € Q; we
have:

(@) xcisinQ,
(i) llxclle < &illxalle + €2 8up o 1X ()],
(i) Ix(O) < &lixclla-

(Axy) For the function x(-) in (Ax1), yc is a Q- valued continuous function on Q.
(Axs) The space Q is complete.

Consider the space
®= {X : (—OO, K] - R/ X'(—O0,0] € Q/ XlQ € C([O/ K]/ IR)}

The hypotheses:

(H1) There exist continuous functions p : Q — (0,00) and g7 : Q — (0,1) such that for each x, x1 € Q,
J,31eRand € Q

IN(C, X, 9) = R x1, 30| < POl = xille + Q1T - Tl
with
-t p( 7)
Hr@)f B T'l < (0= 11l

(Hz) There exist ¢ € A and {o € C(Q) and a function & : R? — R, such that

C
_— —0C-1) (¢ — 7)O-D]
(KO(C) @) e (C-1) ?’C(T)d’f) >0

where 8 € C(Q) such that 8(0) = N(C, ZO(C), R(0).
(H3) For each C € O, and yx, 3 € C(QQ), we have that
E(X(0),3(@) 20

implies

L (" (S-DR L R -V
g(m j(; e (C - T) N(T)d’[, m fo e (C - 1') N (T)d’[ >0,

where N, N’ € C(Q) such that ) )
N(C) = R(C, x¢, N(0)

and

R'(0) = N(C, I, N(0).
(Ha) Tf (Yu)yeny € C(Q) with x, = x and E(a(0), xu+1(C)) > 1, then
E(n(0), x(C) =1
(Hs) For all fixed solutions y, x’ of problem (1)-(2), either
E(N(0), X'(0) 20,

or

EX(©), x(9) = 0.
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First, we prove the existence and uniqueness results by utilizing the w-i-Geraghty type contraction and
the fixed point theory.

Theorem 3.1. Assume that the hypotheses (H1)-(Hy) hold. Then the problem (1)-(2) has at least one solution defined
on Q. Moreover, if (Hs) holds, then we get a unique solution.

Proof. Consider the operator WV : ©® — © defined by:

') Jo
u(©), C € (=00,0],

where 8 € C(Q) such that 8(C) = K(C, xz, R(Q)).
Let w : (—o0, k] — R be a function given by

_J w@;  Ce(=00,0],
w(@) = { w0 Ceq.

1 ¢ )
(wm(o:{ HO)e @+ — [ ENC - DR(n)dr, CeQ, o

Then wy = p. For each z € C(Q), with z(0) = 0, we denote by z the function defined by

z

_ 0/ C € (—OO, 0]/
] z(0), CeQ.

If x(-) satisfies the integral equation
KO =0+ L [ IR
(%) Jo '

we can decompose x(:) as x(C) = z(C) + w(C); for C € Q, which implies that x; = z; + w¢ for every C € Q, and
the function z(-) satisfies

C
20 = % fo eI = ) ODR(D)dr,

where

N0 = R(C zc +w, N(Q); Ce

Set
Dy =1{z € C(Q); z0 =0},

and let || - || be the norm in Dy defined by

lIzllx = llzollq + sup |z(0)l = sup [z(C)I; z € Dy,
eQ eQ

where Dy is a Banach space with norm || - ||. Define the operator ‘W : Dy — Dy by

C
((sz><<:)=% fo e CD(C — ) DR, (10)

where

R(0) = (G, zc + we, R(Q); Ce Q.
The function w : C(QQ) x C(Q) — (0, ) is given by:

{ w(z,y) =1; if E=(0),¥(C) 20, CeQ,
w(z,y) =0; else.
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First, we prove that ‘W is a generalized w-1)-Geraghty operator:
Let z, y € Dy. Then, for each C € O, we have

L RIS <
[(‘W2)(C) = (Wy)(O)l < ) f(; e (€= IN(0) — N'(0)ldT,
where 8, N’ € C(Q) such that

R(0) = R(C,Zc + we, N(Q) and K (0) = B(C, Y + we, X' (D))

From (H;) we have

p(C)

1N~ N’Iloo_ II(Z WlS,

where g* = sup cQ [7(C)|. Next, we have

C 1
(WO~ WOl < 5 [ eI 0 e -

Thus,

_ 2
T)(s_l)—p(? dT"
1—g~

¢
@(z, PIW2)(Q) = (WyOF <1z = y?llow(z, ) Hﬁ f (e
<1z = Yl Iz = y)lleo)-

Hence,
w(z, PR A(W(2), W(y)) < n(P(@(z )Y@, v)),
where n € ©, ¢ € A, with n(C) = %C, and ¢(C) = C. So, ‘W is generalized w-y-Geraghty operator.
Let z, y € C(Q) such that
w(z,y) > 1.

Thus, for each C € ), we have
E(nag, %;C) > 0.

This implies from (H3) that
E(Wz(0), Wy(C)) =20

which gives

(W), W) > 1.

Hence, ‘W is a w-admissible. _
Now, by (H,), there exists £, € C(Q2) such that

w(lo, W(lo)) > 1.
Thus, by (H,), if (Zn)nGN c ¢ with £, — € and w(¢,, €,11) > 1, then
w(ly, €) > 1.
From an application of Theorem 2.12, we conclude that ‘W has a fixed point. Consequently, ¥ has a fixed
point which is the solution of problem.

Moreover, (Hs) implies that if z and y are fixed points of W, then either

&(z,y) =20 or &(y,z) 2 0.
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This implies that either
w(z,y) =21 or w(y,z) > 1.

Hence, problem (1) has a unique solution.
|

Now, we prove an existence and uniqueness result by using the F-contraction fixed point theorem.
Theorem 3.2. Assume there exist constants /\,7\\ > 0, where A= Al - ;\\) > 2 such that for each x¢, xc € Q,
J,35eRand e Q

I'®d)
20D [1+ sup g, X(O)] + sup g [X(O)I]

N, xc, 3) - RC, e, )l < X(0) = Q) + A|T - TI. (11)

Then the problem (1)-(2) has a unique solution defined on Q).

Proof. Let W : Dy — Dy defined as in (10), For any z, y € Dy. For each C € () we have

C 2
(W2)O) - (WyOP < {i f e EDI(C — ) IIR(r) - R’muf} ,
) Jo
where N, N’ € C(Q) such that
R(0) = NG % + we, R(O) and R'(0) = NG, T, + w5, R (0).
Since, for each C € QQ, we have

I(9)
2(1 = MAKED [1+ sup . [2(0)] + sup e V(O]

IRQ) =R (Ol < 12(C) = y(O)I.

Then, we get

2
(W2)(©) = (Wy)©QF < {_ L 12(C) - y(C)I}
A2+ 2sup g 12(0)] + 2sup . [Y(Q)]
1 2
<— {0 - e}
A [2+ 2sup g [2(0)] + 2sup o (O]
2
=3 ! p { sup [z(C) - y(C)IZ}
A2+ 25up g [2(0)] + 2 5up o, Iy (Q)] LeQ
2
<— L 2 { Sup 2(0) - y<c>|2} .
A2+ sup g 12(0) - y©P] | V0
Consequently, we get
cha((Wz Wry) < _ozy)
Y= 2+ a(z,y)

Now, applying natural logarithm on the previous inequality, we obtain

In(2 + o(z, y)) + ln(Xza)((Wz, Wy)) < In(o(z, y)) < In(A°°(z,v)),
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where
A®(z, 1) = max {LD(Z, y), ®(z, Wz), o(y, Wy), ?’_‘ie [@(y, Wz) + o(z, Wy)]} B < %

If we choose F(C) = In(C) and (C) = In(2 + C) we see that all the conditions of Theorem 2.13 are satisfied,
so that W has a unique fixed point. Consequently, W has a unique fixed point which is the solution of
problem.

|

4. Some Examples

Example 4.1. Consider the following problem which is an example of problem (1)-(2):

oo Zinlndl | 1oy
380(1+(524) o) (12)
X(Q) =C+1; Ce(-e0,0]
Let y be a positive real constant and
B, = {x € C((=,1],R,) : Tl_i)r_noo e’ x(7) exists in R}. (13)

The norm of B, is given by
llxll, = sup e"|x(7)l.

7€(—00,1]

Let x : (—00,0] — IR be such that xo € B,. Then
lim, e xc(t) =1lim;s e’ x(C+7—1) = lim,_o e’V (1)

= e’ limy o _00 @ x1(7) < 0.
Hence x¢ € B,. Finally we prove that

”XC”)/ < 51“)(1”)/ + & sup [x(o)l,
0€[0,(]
where {1 = &y = 1 and &3 = 1. We have
Ixc(Ol = Ix(C+ 7).
IfC+1 <1, weget
@l < sup |x(o)l.

0€(—0,0]
For C+ T > 0, then we have

[xc(E)] < sup [x(o)l-
0€l0,C]

Thus for all C+ T € Q, we get

Ixc(©I < sup |x(o)l + sup [x(o)l.
0€(—0,0] 0€[0,C]

Then

lxclly < llxoll, + sup Ix(o)l.
0€[0,C]

It is clear that (B,, || - ||) is a Banach space. We can conclude that B, a phase space.
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Set
arctan(||x|l) 1

NEX ) = 3500+ Inlle) * 38001 + 9

whereCeQ, x€Q,J eR.
Let (C(QY), @, 2) be the complete b-metric space with € = 2, such that @ : C(Q) x C(Q) — (0, o), is given by:

@(x, 3) = I(x = 3Pl := sup [x(C) = IO

e
Forany x,3 € Q, 3 eRand C € Q, we have

N <o e =9le  1t-9|
INC X 0 -8 9, 9)) < Fom e B

Thus, hypothesis (H1) is satisfied with

1
PO =q(0) = 355

Define the functions 1n(C) = %C, ¢(0) =C, 9 : C(Q) x C(Q) — R with
3, J) =1 if o(x(0), I(0) 20, CeQ,
3(x, 3) = 0; else,

and @ : C(Q) x C(Q) = Rwith @(x, I) = llx = Il
Hypothesis (H,) is satisfied with €,(C) = xo. Also, (H3) holds from the definition of the function ®.

Simple computations show that all conditions of Theorem 3.1 are satisfied. Hence, we get the existence and the
uniqueness of solutions for problem (12).

Example 4.2. Next, consider the following problem:

(soi'x)© = AL : Leq
0~ 4ol ooy 4 fleory) o) (14)
X(0) =2C+4; C€(—00,0].
Set 1"(1) 1
2

N(Cr X S‘) = 4(1 + SupCEQ |X(C)|) * 20(1 + |5|)’

where € Q, x € C(Q), T e R.
Let (C(QY), @, 2) be a complete b-metric space with € = 2, such that @ : C(Q) x C(Q2) — (0, 00), is given by:

(X, 3) = ll(x = Il := scug X(©) - SOFP.

Forany x, 3 € C(Q), &, J e Rand C € Q, we have

) < I(Hx(© - I©) RET
= 41+ sup g Q) + sup o, 13O 201 7

IN(C, xc, %) = 8(C, B¢,

Then, hypothesis (11) is satisfied with

~ 1 - 19
/\—Z,A—%and)\—ﬁ>\/§.

Since all requirements of Theorem 2.13 are verified, we conclude the existence the uniqueness of solutions and for
problem (14).
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