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A b s t r a c t. Let G be a graph with vertex set V and edges set E. By d(v) is de-
noted the degree of its vertex v. Two much studied degree–based graph invariants are the
first and second Zagreb indices, defined as M1 =

∑
u∈V

d(u)2 and M2 =
∑

uv∈E

d(u) d(v).

A recently proposed new invariant of this kind is the hyper–Zagreb index, defined as HZ =∑
uv∈E

[d(u) + d(v)]2. The basic relations between this index and its coindex for a graph G

and its complement G are determined.
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1. Introduction

Let G be a graph of order n with vertex set V(G) = {v1, v2, . . . , vn} and edge
set E(G). The degree of the vertex v ∈ V(G) , denoted by dG(v) = d(v) , is the
number of first neighbors of v in the graph G.

The complement G of the graph G is the graph with vertex set V(G), in which
two vertices are adjacent if and only if they are not adjacent in G.

In the contemporary mathematico–chemical literature, there exist several dozens
of vertex–degree–based molecular structure descriptors [8, 10, 15]. Of these, the two
Zagreb indices belong among the oldest molecular structure descriptors [17, 12, 3,
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13, 11]. The first Zagreb index is defined as

M1 = M1(G) =
∑

v∈V(G)

d(v)2 (1.1)

and satisfies the identity [4, 5]

M1(G) =
∑

uv∈E(G)

[
d(u) + d(v)

]
, (1.2)

whereas the second Zagreb index is defined as

M2 = M2(G) =
∑

uv∈E(G)

d(u) d(v) .

The index M1 was conceived in 1972 [16], whereas M2 was first time considered a
few years later [14]. For historical details see [11]. For details of the mathematical
theory of the Zagreb indices see the booklet [20] and the more than hundred pages
long survey [2].

Recently [7], a modification F (G) of the first Zagreb index was re-introduced.
This vertex–degree-based graph invariant was first time encountered in 1972, in the
paper [16], but was eventually disregarded. The “forgotten” index F is defined as [7]

F = F (G) =
∑

v∈V(G)

d(v)3 .

Its main properties have been established in [7, 9].
In 2008, bearing in mind Eq. (1.2), Došlić put forward the first Zagreb coindex,

defined as [4]
M1 = M1(G) =

∑
uv 6∈E(G)

[
d(u) + d(v)

]
, (1.3)

whereas the second Zagreb coindex was defined analogously as

M2 = M2(G) =
∑

uv 6∈E(G)

d(u) d(v) . (1.4)

In Eqs. (1.3) and (1.4) is it assumed that u 6= v.
Eq. (1.2) happens to be just a special case of a much more general relation. Let v

be a vertex of the graph G, and let Φ(v) be any quantity associated to (or determined
by) v.
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Theorem 1.1 ([6]). Let X(G) be a graph invariant of the form

X(G) =
∑

v∈V(G)

Φ(v) .

Then the following edge–decomposition of X holds:

X(G) =
∑

uv∈E(G)

[
Φ(u)

d(u)
+

Φ(v)

d(v)

]
.

As another special case of Theorem 1.1, we have

F (G) =
∑

uv∈E(G)

[
d(u)2 + d(v)2

]
which implies that the respective F -coindex is

F (G) =
∑

uv 6∈E(G)

[
d(u)2 + d(v)2

]
.

The first Zagreb and F indices and coindices are mutually related as follows:

Theorem 1.2. Let G be a graph with n vertices and m edges. Then

M1(G) = 2m(n− 1)−M1(G), (1.5)

M1(G) = n(n− 1)2 − 4m(n− 1) +M1(G), (1.6)

M1(G) = 2m(n− 1)−M1(G),

F (G) = (n− 1)M1(G)− F (G),

F (G) = n(n− 1)3 − 4m(n− 1)2 + 3(n− 1)M1(G)− F (G),

F (G) = 2m(n− 1)2 − 2(n− 1)M1(G) + F (G).

Especially intriguing is a special case of the above theorem, namely:

Corollary 1.1 ([13]). Let G be any graph and G its complement. Then

M1(G) = M1(G) .

There is no analogous relation for the F -index.
In this paper we are concerned with a recent extension of the Zagreb–index con-

cept, namely with the so-called hyper–Zagreb index.
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2. Hyper–Zagreb index

The hyper–Zagreb index, defined as

HZ = HZ(G) =
∑

uv∈E(G)

[
d(u) + d(v)

]2 (2.1)

was put forward in 2013 by the Iranian mathematicians Shirdel, Rezapour, and Sayad
[19]. This definition was evidently motivated by Eq. (1.2). From Eq. (2.1), it can be
immediately recognized that the hyper–Zagreb index is closely related with its much
older congeners, namely that

HZ(G) = F (G) + 2M2(G) .

In parallel with the other, previously conceived coindices, the hyper–Zagreb coin-
dex is defined as

HZ = HZ(G) =
∑

uv 6∈E(G)

[
d(u) + d(v)

]2
. (2.2)

These new vertex–degree–based graph invariants were then studied in several
subsequent papers [1, 21, 18]. In all four papers [19, 1, 21, 18], the authors were
concerned with the hyper–Zagreb index and coindex of various graph transformations
(such as join, disjunction, composition, Cartesian product, corona and edge–corona
products, and similar). However, the fundamental relations, analogous to Theorem
1.2, were not reported in [19, 1, 21, 18]. In order to fill this gap, we now establish the
following:

Theorem 2.1. Let G be a graph with n vertices and m edges. Let the hyper–
Zagreb index and coindex be defined via Eqs. (2.1) and (2.2). Then

HZ(G) = 4m2 + (n− 2)M1(G)−HZ(G), (2.3)

HZ(G) = 2n(n− 1)3 − 12m(n− 1)2 + 4m2,

+(5n− 6)M1(G)−HZ(G), (2.4)

HZ(G) = 4m(n− 1)2 + 4(n− 1)M1(G) +HZ(G) . (2.5)
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3. Proof of identity (2.3)

In view of Eqs. (2.1) and (2.2),

HZ(G) +HZ(G) =

 ∑
uv∈E(G)

+
∑

uv 6∈E(G)

[d(u) + d(v)
]2

=
1

2

 ∑
u∈V(G)

∑
v∈V(G)

[
d(u) + d(v)

]2 − ∑
v∈V(G)

[
d(v) + d(v)

]2

=
1

2

 ∑
u∈V(G)

∑
v∈V(G)

[
d(u)2 + d(v)2 + 2d(u) d(v)

]
− 4

∑
v∈V(G)

d(v)2



=
1

2

n ∑
u∈V(G)

d(u)2 + n
∑

v∈V(G)

d(v)2 + 2

 ∑
u∈V(G)

d(u)

 ∑
v∈V(G)

d(v)



−4
∑

v∈V(G)

d(v)2


=

1

2

[
nM1(G) + nM1(G) + 2(2m)(2m)− 4M1(G)

]
,

where we have taken into account Eq. (1.1) and the fact that the sum of vertex degrees
is equal to twice the number of edges. Thus,

HZ +HZ = (n− 2)M1 + 4m2,

which directly implies identity (2.3).

4. Proof of identity (2.4)

By Eq. (2.1),
HZ(G) =

∑
uv∈E(G)

[
dG(u) + dG(v)

]2
.

Recalling that dG(v) = n− 1− dG(v), and that∑
uv∈E(G)

=
∑

uv 6∈E(G)

,
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we get

HZ(G) =
∑

uv 6∈E(G)

[
n− 1− dG(u) + n− 1− dG(v)

]2
=

∑
uv 6∈E(G)

[
4(n− 1)2 +

[
d(u) + d(v)

]2 − 4(n− 1)
[
d(u) + d(v)

]]

= 4(n− 1)2
[(n

2

)
−m

]
+HZ(G)− 4(n− 1)M1(G) . (4.1)

Now, by substituting into (4.1) the expressions forHZ(G), Eq. (2.3), and forM1(G),
Eq. (1.5), we arrive at

HZ(G) = 4(n− 1)2
[(n

2

)
−m

]
+
[
4m2 + (n− 2)M1(G)−HZ(G)

]
−4(n− 1)

[
2m(n− 1)−M1(G)

]
which directly leads to formula (2.4).

5. Proof of identity (2.5)

Eq. (2.3) can be rewritten as

HZ(G) = 4m2 + (n− 2)M1(G)−HZ(G),

where m is the number of edges of the complement G, i.e., m =
(
n
2

)
−m. Then by

using Eqs. (1.6) and (2.4),

HZ(G) = 4
[(n

2

)
−m

]2
+ (n− 2)

[
n(n− 1)2 − 4m(n− 1) +M1(G)

]
−
[
2n(n− 1)3 − 12m(n− 1)2 + 4m2 + (5n− 6)M1(G)−HZ(G)

]
,

which after appropriate calculation renders the identity (2.5).
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[14] I. Gutman, B. Ruščić, N. Trinajstić, C. F. Wilcox, Graph theory and molecular
orbitals. XII. Acyclic polyenes, J. Chem. Phys. 62 (1975), 3399–3405.
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